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| Monotone properties with
Sharp Thresholds
| A little bit of a digression

| Well known phenomenon
| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?

presented by Bruno F. Ribeiro

Monotone properties with Sharp Thresholds

Monotone properties with Sharp Thresholds

Nature has lots of examples.

Intuition:

In Amherst we are very familiar with this: Water ) Ice. (this

example is not in the paper)
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A little bit of a digression

SHARP THRESHOLDS OF MONOTONE PROPERTIES.
Water and Ice.

| Monotone properties with
Sharp Thresholds

- i

BT rm— Water graph model: Molecules are Vertices and

| waertoe Hydr ogen-Oxyg en bounds are Edges.

T AR Ice is a giant strongly connected component (a crystal).

graph (now is the paper)
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(blue lines ) Hydrogen bound, pink lines ) Hydrogen - Oxygen “permanent
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Well known phenomenon

| Monotone properties with
Sharp Thresholds
| A little bit of a digression

| Well known phenomenon

| Water to Ice

5

Start to cool down a glass of liquid water.

5

Sharp change in its connectivity when it reaches 0°C.

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

5

This is called phase transition in Physics.

How to obtain this result?

5

Why?
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Water to Ice

n Glass of water) 7:5 10?* H,O molecules.

| s u It we could isolate only a few, we would not see this sharp
Sharp Thresholds

| A little bit of a digression thf@ShOld

| Well known phenomenon

Lets invesiigate the sharp Reason for the sharp threshold 0°C: The probability of an edge

threshold in another type of . . . .

grah ow i the popen In the graph (hydrogen-bound) increases with the inverse of

How to obtain this result? the temperature.

Water model from: Stanley H.E., Buldyrev S.V., Canpolat M., Meyer M., Mishima O., Sadr-Lahijany M.R., Scala A., Starr FW.,
The puzzling statistical physics of liquid water, Physica A: Statistical And Theoretical Physics (257)1-4 (1998) pp. 213-232
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| Monotone properties with
Sharp Thresholds
| A little bit of a digression

| Well known phenomenon
| Water to Ice

Lets investigate the sharp

o o)l Lets investigate the sharp threshold In

Motivation

wamenacsns — gNOther type of graph (now is the paper)

|

I

| Connectivity
| Monotone graph properties
| Sharp threshold - de nition

How to obtain this result?
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Motiv ation

| Monotone properties with
Sharp Thresholds
| A little bit of a digression

| Well known phenomenon n Find how Sharp is the Threshold of Monotone properties for
e Random Geometric graphs.

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

| Random Geometric graphs
| Connectivity

| Monotone graph properties
| Sharp threshold - de nition

How to obtain this result?
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| Monotone properties with
Sharp Thresholds

| A little bit of a digression

| Well known phenomenon

| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

| Motivation

| Random Geometric graphs

| Connectivity
| Monotone graph properties
| Sharp threshold - de nition

How to obtain this result?

presented by Bruno F. Ribeiro

Random Geometric graphs

n d-dimensional space, graph G.

n Vertex set:
u n points uniformly distributed over the unity cube [0; 1]°.

n Edge set:
u (X;y)2E () kx vyk<r(n)
u Therefore (X;Y) 2 E with some probability p(X;Y).

n Can think of n wireless users uniformly distributed over
[0; 1]°.

n Two users in positions x and y can communicate if
kx yk < r(n) (the graph has an edge).

n FROM NOW, WHENEVER | SAY “GRAPH” | MEAN
RANDOM GEOMETRIC GRAPH.
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| Monotone properties with
Sharp Thresholds

| A little bit of a digression

| Well known phenomenon

| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

| Motivation

| Random Geometric graphs

| Connectivity

| Monotone graph properties
I Sharp threshold - de nition

How to obtain this result?

presented by Bruno F. Ribeiro

Connectivity

//. P
‘ — v ‘

~g=

SASY

;"A‘\{if AN

Two graphs, same nodes. Very small difference in their
connection radius (reft graph(N) and rright graph(N))-

n Left: Has some big disconnected components.

Meft graph(N) <sharp threshold.

n Right: A huge connected component.

[right graph(N) = Tleft graph(N) +

1.

Advanced Networks Group - University of Masschusetts at Amherst - p. 9/27




Monotone graph properties

| Monotone properties with A graph property is a set of undirected and unlabeled graphs.

Sharp Thresholds
| A little bit of a digression

| Well known phenomenon

| Water to lce n Monotone graph property: Addition of more edges preserves
Lets investigate the sharp |t .

threshold in another type of .. .

graph (now is the paper) u Connectmty IS a monotone property.

| Motivation

| Random Geometric graphs
| Connectivity

MAIN RESULT:

SepEREEen® - This work shows that the transition between “lots of
disconnected components” to “a huge connected component”
Is sharp and around this radius:

How to obtain this result?

logn ™
re(n) = an
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Sharp threshold - de nition

probability of
property P

| Monotone properties with 1
Sharp Thresholds

| A little bit of a digression l1—e

| Well known phenomenon

| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

| Motivation

- e O(n,¢€)

| Random Geometric graphs
| Connectivity €
| Monotone graph properties

| Sharp threshold - de nition 0 | r edge

a a+d(n, e connectivity
How to obtain this result? ( ) radius

n Every monotone graph property has a sharp threshold (Ehud
Friedgut and Gil Kalai, 1996).

Where r is the communication radius.

n The probability of nding some monotone property jumps
from forr(n)= tol forr(n)= + (n; ).

n *** (n; ) is inversely proportional to n ***

n A property has sharp threshold if (n; )= o(1).
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| Monotone properties with
Sharp Thresholds

| A little bit of a digression

| Well known phenomenon

| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?

Using Bottleneck Matching

Bottleneck Matching example

Bottleneck Matching results
Random geometric graphs
and bottleneck matching
Bottleneck Matching &
connectivity (Lemma 2.1)
...Bottleneck Matching &
connectivity

Bottleneck Matching &
Connectivity (I1I)

Main theorem (Theorem 2.2)
Main theorem (Theorem 2.2)
...Theorem 2.2

Lower bounds

Conclusions and End.
Backup slides: How tight is it

for small n ?
How tight is it for small N ?

References
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How to obtain this result?
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Using Bottlenec k Matc hing

n 2n uniformly distributed points on [0; 1]°.
. vonotone peperts i n Divide all points into two sets V and V9, jVj = jVvY = n.
| it it  digessin n Letx2Vandy2 VC
e n The weight of edge (X;y) 2 E is given by its Euclidean
IO distance kx  yk.
e o e ey n A bottleneck match is the bipartite match (bw V and V9 with

How to obtain this result?

the minimum maximum weight.

| Using Bottleneck Matching

Bottleneck Matching example
Bottleneck Matching results
Random geometric graphs
and bottleneck matching
Bottleneck Matching &
connectivity (Lemma 2.1)
...Bottleneck Matching &
connectivity
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| Bottleneck Matching & \ AN . N
)
Connectivity (I11) ' > { . ; ( !
. ! 4 S P ‘\ ,'
Main theorem (Theorem 2.2) ' Weiaht <,
A
Main theorem (Theorem 2.2) \ g M o

...Theorem 2.2
Lower bounds
Conclusions and End.

Backup slides: How tight is it

for small n ?
How tight is it for small N ?

References

f._.

This is a matching
But not a bottineck matching
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| Monotone properties with
Sharp Thresholds

| A little bit of a digression

| Well known phenomenon

| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?

| Using Bottleneck Matching
| Bottleneck Matching results
| Random geometric graphs
and bottleneck matching
| Bottleneck Matching &
connectivity (Lemma 2.1)
| ...Bottleneck Matching &
connectivity
| Bottleneck Matching &
Connectivity (III)
Main theorem (Theorem 2.2)
Main theorem (Theorem 2.2)
...Theorem 2.2
Lower bounds
Conclusions and End.

Backup slides: How tight is it

for small n ?
I How tight is it for small N ?

| References
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Previous matching example

Bottlenec k Matching example

Its bottleneck matching

n The probability that bottleneck match M, between V and V°

Is greater than (n) is PfM, > (n)g.
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Bottlenec k Matching results

| Monotone properties with Why use bottleneck matching for this? The results are ready:

Sharp Thresholds
| A little bit of a digression
| Well known phenomenon

| Water to Ice Pf M n > (n)g > 1 n y Wlth > O

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?
| Using Bottleneck Matching
| Bottleneck Matching example

| Random geometric graphs (n) —
and bottleneck matching

| Bottleneck Matching &
connectivity (Lemma 2.1)

1
| ...Bottleneck Matching & O M when d — 1 [Th|S work I04]

connectivity n
| Bottleneck Matching &
Connectivity (I1I)
Main theorem (Theorem 2.2)
Main theorem (Theorem 2.2)
...Theorem 2.2
Lower bounds
Conclusions and End.

whend  3[Shor and Yukich '91]

O g °n when d = 2 [Leighton and Shor '89]
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Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References
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| Monotone properties with
Sharp Thresholds

| A little bit of a digression

| Well known phenomenon

| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?

| Using Bottleneck Matching
| Bottleneck Matching example
| Bottleneck Matching results

| Random geometric graphs

and bottleneck matching

| Bottleneck Matching &
connectivity (Lemma 2.1)

| ...Bottleneck Matching &
connectivity

| Bottleneck Matching &
Connectivity (I1I)

| Main theorem (Theorem 2.2)

| Main theorem (Theorem 2.2)

| ... Theorem 2.2

| Lower bounds

| Conclusions and End.

| Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References
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Random geometric graphs and bottlenec k match

How can these bottleneck match results help us?
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Bottlenec k Matching & connectivity (Lemma 2.1)

I Monotone properties with x V
’ PP P PP T :,

Sharp Thresholds
I Alittle bit of a digression
| Wellknown phenomenon e V

| Water to Ice x

Lets investigate the sharp . K
threshold in another type of x

graph (now is the paper) f (U)

How to obtain this result?

| Using Bottleneck Matching VA

| Bottleneck Matching example

| Bottleneck Matching results

| Random geometric graphs
and bottleneck matchin . . —_ . . | —

| BottleneckMatching& u’V 2 G’ G - (V’ E)’ JVJ - n
connectivity (Lemma 2.1)

| ...Bottleneck Matching &

connectivity (U, V) 2 E ( ) kU Vk r(n)
| Bottleneck Matching &
Connectivity (I1I)
| Main theorem (Theorem 2.2)
| Main theorem (Theorem 2.2)
| Cover s (u); (v)2G% G%°= (V2EY; jv9=n
| Conclusions and End.
| Backup slides: How tight is it . O
- C: v)y2e°() k Wk r(n)+2(n)
| References

n G and G%are independent.

presented by Bruno F. Ribeiro Advanced Networks Group - University of Masschusetts at Amherst - p. 17/27




Monotone properties with
Sharp Thresholds

A little bit of a digression
Well known phenomenon
Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?

| Bottleneck Matching example

Using Bottleneck Matching

Bottleneck Matching results
Random geometric graphs
and bottleneck matching
Bottleneck Matching &
connectivity (Lemma 2.1)
...Bottleneck Matching &
connectivity

Bottleneck Matching &
Connectivity (I1I)

Main theorem (Theorem 2.2)
Main theorem (Theorem 2.2)
...Theorem 2.2

Lower bounds

Conclusions and End.
Backup slides: How tight is it

for small n ?
How tight is it for small N ?

References

presented by Bruno F. Ribeiro

...Bottlenec k Matching & connectivity

n (u) is the match of u.

n Remember: PfM, > (n)gis the probability that bottleneck
match M,, between V and V?is greater than (n).

n Let PfMj

(ng> 1

f(v)
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Bottlenec k Matching & Connectivity (lll)

n Given M (n).

| Monotone properties with
Sharp Thresholds

| A little bit of a digression

| Well known phenomenon .

| Water to Ice .

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?

| Using Bottleneck Matching :

| Bottleneck Matching example (u ’V)

| Bottleneck Matching results ST sz
| Random geometric graphs 7) :

l.ll- s Uy
and bottleneck matching R R

| Bottleneck Matching & ( f (u) ’ f (V)) I EA
connectivity (Lemma 2.1)

| ...Bottleneck Matching &

connectiviy Triangle inequality: ku vk r(n),k (u) uk (n) and

| Bottleneck Matching &

k (v) vk (n)thenk (u)  (Wk r(n)+2 (n).

Main theorem (Theorem 2.2)

Main theorem (Theorem 2.2)
...Theorem 2.2

| e Unconditioning on the value of M, as PfM,,  (n)g> 1

Conclusions and End.

s sices: Howtigntst N1 NeN with probability greater than (1 ):
I];—?;vs\/?;‘:tr:sitforsmalln? 8u,V 2 V ((U,V) 2 E ) ( (U), (V)) 2 E%

| References
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Main theorem (Theorem 2.2)

| Monotone properties with Theorem 22 If Pf M n (n)g > l then the Sharp

Sharp Thresholds

| Alite bt of a digression threshold of any monotone property in d-dimensions is at most

| Well known phenomenon
| Water to Ice 2 (n) .

Lets investigate the sharp
threshold in another type of

graph (now is the paper) n Let Pf M n (n)g > 1

How to obtain this result?

| Using Botleneck Matching n For a monotone property choose aig r such that the
| Borteneck Maiching example probability of G having property . is ™ .

| Bottleneck Matching results p

| Random geometric graphs u . — -
and bottleneck matching I n Other Words - P f G 2 g -

| Bottleneck Matching &

connectviy (Lemma 2. n Consider the graph G° (remember that
a;b2V® (a2 E° () ka bk r+2(n)

| Bottleneck Matching &

Connectivity (Ill) —
n Letq= PTG62 g.

| Main theorem (Theorem 2.2)
| ...Theorem 2.2

| Lower bounds

| Conclusions and End.

| Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References
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Main theorem (Theorem 2.2)

| Monotone properties with W|th a” these aSSLImptIOnS

Sharp Thresholds

| Alittle bit of a digression n Let Pf M N (n)g > 1 or Pf M n > (ﬂ)g

| Well known phenomenon

| Water to Ice n Pf G 2 g —

Lets investigate the sharp

resholdin another bpe of n Consider the graph G° (remember that
How to obtain this result? a’ b2 VO’ (a’ b) 2 EO ( ) ka U’( r + 2 (n))
Using Bottleneck Matching n Let q — Pf GO 62 g

I

| Bottleneck Matching example
| Bottleneck Matching results
|

Random geometric graphs

and botleneck matching n As G and Glare independent: PfG2 2 G%62 g= qp P.

| Bottleneck Matching &

connectiviy (Lemma 2.1 The monotonicity of impliesthatif G2 and G°62 , then

| ...Bottleneck Matching & O
connectivit . N\ .

I Bottleneck);vlatching & 9( u 1 V) 2 E ( (u) ] (V)) 6E -
Connectivity (I1I)

| Main theorem (Theorem 2.2)

| ... Theorem 2.2

| Lower bounds

| Conclusions and End.

| Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References

presented by Bruno F. Ribeiro Advanced Networks Group - University of Masschusetts at Amherst - p. 21/27




...Theorem 2.2

| Monotone propertes wit The monotonicity of impliesthatif G2 and G°62 , then

Sharp Thresholds

| Alittle bit of a digression 9(U,V) 2FE A ( (U), (V)) 62F 0.

| Well known phenomenon

| Water o1ce n But we have already shown that
Lets investigate the sharp Mn < (n) ) (8u’ V((u’ V) 2 E ) ( (U), (V)) 2 E%)

threshold in another type of
graph (now is the paper)

How to obtain this result? n Pf G 2 N GO 62 g Pf M N > (n)g

Using Bottleneck Matching

P _

I

| Bottleneck Matching example
| Bottleneck Matching results
|

Random geometric graphs T h e ref O re q

and bottleneck matching

| Bottleneck Matching & H e n Ce ( n ,
connectivity (Lemma 2.1)

| ...Bottleneck Matching &
connectivity

| Bottleneck Matching &
Connectivity (I1I)

| Main theorem (Theorem 2.2)

| Main theorem (Theorem 2.2)

| Lower bounds

| Conclusions and End.

) PIG°62 g= q P-

) 2 (n) w.p.

| Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References

presented by Bruno F. Ribeiro Advanced Networks Group - University of Masschusetts at Amherst - p. 22/27




| Monotone properties with
Sharp Thresholds

| A little bit of a digression

| Well known phenomenon

| Water to Ice

Lets investigate the sharp
threshold in another type of
graph (now is the paper)

How to obtain this result?

| Using Bottleneck Matching

| Bottleneck Matching example
| Bottleneck Matching results
|

Random geometric graphs
and bottleneck matching

| Bottleneck Matching &
connectivity (Lemma 2.1)

| ...Bottleneck Matching &
connectivity

| Bottleneck Matching &
Connectivity (I1I)

| Main theorem (Theorem 2.2)

| Main theorem (Theorem 2.2)

| ... Theorem 2.2

| Conclusions and End.

| Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References
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Lower bounds

These results are asymptotically tight for d = 1 and withing a

logarithm factor (logn) for d

2.
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Conclusions and End.

| Monotone properties with

Sharp Thresholds n Random graphs have very sharp thresholds for monotone
| A little bit of a digression .
| Well known phenomenon prOpertles
| Water to Ice
Lets investigate the sharp . . .
teshold n another type of n Interesting applications:

graph (now is the paper)

o u given the desired detection probability, what is the number
Using Botteneck Matching of nodes that must be placed in a eld?

I

| Bottleneck Matching example
| Bottleneck Matching results
|

Random geometric graphs .
and botiomdk matohing But be careful: Good results forn 1 only.
| Bottleneck Matching &
connectivity (Lemma 2.1)
| ...Bottleneck Matching &
connectivity
| Bottleneck Matching &
Connectivity (I1I)
| Main theorem (Theorem 2.2)
| Main theorem (Theorem 2.2) T h e E n d .
| ... Theorem 2.2
| Lower bounds
| Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References

5
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| Bottleneck Matching results

| Random geometric graphs
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| Bottleneck Matching &
connectivity (Lemma 2.1)

| ...Bottleneck Matching &
connectivity

| Bottleneck Matching &
Connectivity (I1I)

| Main theorem (Theorem 2.2)

| Main theorem (Theorem 2.2)

| ... Theorem 2.2

| Lower bounds

| Conclusions and End.

| Backup slides: How tight is it

for small n ?
| How tight is it for small N ?

| References
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Backup slides: How tight is it for small n?

Ford 3.
n Halves the space until it is divided in small pieces of size 1=n.

n Rescales every time it halves the space.

u Reason: points in every round I are still uniformly
distributed on [2'k; 2' (k + 1)].

n | i] IS the stretching/shrinking factor of step i.

" Pfi ij> g 2e "= where n%is the number of
points in each subcuboid and | is its side length.
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How tight is it for small n?

yocspren 0 When n is large:

| e biola desson u In the rst interactions the stretching/shrinking factor is

| watero1ce very small as there is a very small variability in the length
Lets Inestaate e share of the kth order statistic.

greph (now is the paper) u When n grows smaller, the variability of the order statistic
o {0 obtain i resul? Increases but the error is small because the grid is small.

| Using Bottleneck Matching

| Bottleneck Matching example
| Bottleneck Matching results
|

Randomgeometricgr_aphs u That IS Why When n ' 1 the reSU|t IS gOOd BUt nOt SO fOr
| BT small n.

connectivity (Lemma 2.1)
| ...Bottleneck Matching &
connectivity
| Bottleneck Matching &
Connectivity (I1I)
| Main theorem (Theorem 2.2)
| Main theorem (Theorem 2.2)
| ... Theorem 2.2
| Lower bounds
| Conclusions and End.
| Backup slides: How tight is it
for small N ?

| How tightis it for small N ?

| References
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