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Abstract

In this paper we explore the useof fixed point methodso modelthe behaior of alarge population
of TCP flows traversinga network of routersimplementingactive queuemanagementAQM) suchas
RED (randomearly detection).Both AQM routersthatdropandthatmark packetsareconsideredlong
with infinite andfinite durationTCP flows. In the caseof finite durationflows, we restrictoursehes
to networks containingonecongestedouter In all caseswe formulatea fixed point problemwith the
routeraveragequeuelengthsasunknavns. Oncethe averagequeuelengthsare obtained,othermetrics
suchasrouterloss probability, TCP flow throughput, TCP flow end-to-endoss rates,averageround
trip time, and averagesessiordurationare easily obtained. Comparisorwith simulationfor a variety
of scenarioshows thatthe modelis accuratein its predictions(meanerrorslessthan5%). Last, we
establishmonotonicitypropertiesexhibited by the solutionfor a single congestedouterthat explains
severalinterestingobsenations,suchasthat TCP SACK suffershigherlossthanTCP Reno.

1 Intr oduction

Networks and their workloadsincreasein size and complity at an exponentialrate. Thusthereis an
increasingneedfor performancevaluationmethodologieshat cankeepup with this rapid ratein network
size. In contrastit is interestingto notethat TCR, the predominantinternetprotocol, haschangedittle in
the lastten years. This suggestghatit shouldbe possibleto develop an analytically basedmethodology
that can be usedto evaluatethe performanceof large networks (regardlessof technology)that support
large populationsof TCP flows. In this paperwe addresghis problemwhenthe network consistsof AQM
routersj.e., thosethatimplementactve queuemanagemenfAQM) suchasRED (randomearlydetection).

We formulatea fixed point problemwith the averagequeuelengthsat the routersasunknavn quantities.
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We considerboth routersthat drop paclets and thosethat mark paclets. Oncetheseare obtained,other
performancamnetricssuchasrouterloss/markingorobabilityand TCP flow throughputare easily obtained.
Comparisorwith simulationfor a single router tandemroutersandcyclic routersshav high accurag for
all themetrics(meanerrorslessthan5%).

Themodelingmethodologyreportednerebuilds on the analysesf Mahdai andFloyd [17], Ott, etal.
[21], andPadhyeet al. [22] of anindividual TCP flow operatingin a lossyenvironment. Theseanalyses
resultedin simple expressionsf throughputas a function of roundtrip time andloss probability They
differ from eachotherprimarily in that[22] accountdor TCPtimeoutbehaior whereaq17], [21] do not.
Ourfixed pointapproacttanbe thoughtof asanextensionof the approactpresentedn [18] from asingle
routerto a network setting.Furthermorethatpaperrelied onthe useof the“squareroot p” formuladerved
in [21]. We will obsenre thatrelianceon the “squareroot p” formularesultsin significantlylessaccurate
lossrate predictionsthanachiezed throughrelianceon the formulain [22]. Oneof the conclusionof our
studyis thatthe “squareroot p” formulacanresultin significanterrorsevenwhenthelossrateis lessthan
5%. Someanalysishasbeendoneusingthe “squareroot p” for a specific,constrainedmultiple congested
routerscenaridn [6]

We provide a methodologythat handlesnetworks in which a subsetof routersdrop pacletsaccording
to an AQM while anothersubsef routersmark paclets. The ability to modelroutersthat mark paclets
is importantasthis allows oneto evaluatethe performancef heterogeneousetworks thatsupportexplicit
congestiomotification(ECN) [25] which is expectedto becomedominantin the future Internet. We con-
siderthe casewhereTCP flows areinfinite aswell asfinite in duration. In thelatter case however, we are
only ableto handlethe casewhenthe network includesonecongestedouter

A numberof papershave dealtwith relatedtopics. Closelyrelatedaretheworksof Misraetal. [18] and
Firoiu etal. [10]. Thework of Misra etal. considered singlecongestedoutersupportinga setof infinite
durationflows. This work, however, is basedon the “squareroot p” formula, which we will seecanlead
to inaccuratepredictionsin lossrate and averagequeuelength. The work of Firoiu etal.l presentdixed
pointmodelsof pacletdrop RED networks. Unlike Firoiu’s model,ourshandlesnetworksthatincludeboth
paclet droppingand paclket marking AQM routers. Furthermore pour modelsfor finite TCP flows don't
assumehereare always fixed numberof finite flows in network whereashe modelin [10] does. Last,
we studythe sensitvity of the accurag of the modelto the TCP throughputformulasused. Also closely
relatedaretheworksof Heyman,etal. [14], andCasettietal. [4], which considerasinglecongestedouter
supportinga homogeneousetof finite durationflows. Unlike theselatterworks,we make no assumptions
regardingthe homogeneityof TCPflows.

Therehasbeenrelatedwork focusingon the developmentandsolutionof a setof differentialequations

describingthe transientbehaior of TCP flows andqueuedynamics[20]. Our approactcomplementshis

1This work wasdoneindependentlyf thework presentedh this paper



approach.The fixed point approachis muchmore efficient computationallyasthe numberof unknavns
equalsthe numberof links in the network whereaghe DE approachrequiresthe solutionof a numberof
equationsqualto the numberof routers+ numberof TCPflows. Onthe otherhand,the DE approactcan
be usedto studytransientbehaior. Last,thereis a considerabldody of literatureon the applicationof
fixedpoint methodgo estimatingblocking probabilitiesin circuit switchednetworks, [26].

Thepaperlis organizedasfollows. Section2 introducegshe modelandthefixed pointapproximatiorfor
a singlecongestedouter Section3 extendsthe modelto a network of multiple heterogeneousongested
routers. Section4 describeghe validationof the approximationto ns2basedsimulation. In the following
section,we explain several interestingobsenrationsby establishingnonotonicitypropertiescharacterizing

the solutionfor a singlecongestedouter Section6 concludeshe paper

2 A singlecongestedouter

In this sectionwe modelthebehaior of alarge populationof TCP flows sharinga singlecongestedouter
We assumehat the congestedouterimplementsactive queuemanagemenivhich eitherdropsor marks
pacletsfor the sale of congestiorcontrol. We proposemodelsfor two scenariospnein which TCP flows
areinfinite in durationandthe otherin which TCP flows arefinite in duration.

Considerarouterv with transmissiorcapacityC, bits persecondandhbuffer size B, bits. Associated
with routerw is a probability discard/markindunction p, (z, ) which takesasits agumentz,, the average
queuelengthof routerv. OnepopularAQM is RED [13]. The discard/markingunction of the recently
recommendetigentle.” variantof RED (G-RED)[12] is

0, : 0<x, < tvmi”
Tyt maz . min maz
polan) = { B LE STl @
pUmaz + «’th;tavz (1 o pvmaa:), . tvmaaz <z < 2t17;wa:
1, : tvmaw < Xy < By

wheret™n tmaz gandp™ae® areconfigurableG-RED parametersWe assumethatit is well engineeredo
that the probability of a paclet arriving to a full queueis closeto zeroandthe probability that the router
is idle whenwv is congesteds alsocloseto zero. Guidelineson how to do this for several AQM policies,

includingRED canbefoundin [15].

2.1 Infinite TCP flows

Wefirst consideraworkloadof N infinite durationTCPflows, labelled: = 1,..., N, thattraverserouterv.

We (andothers)have obsered throughmeasurementsn the Internetandin numeroussimulationgthat

¢ in theabsencef a maximumrate constraint,eachTCP flow traversesat leastone congestedouter

(herea congestedouteris onein which a flow sufferspacletloss);
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¢ eachcongestedouteris nearlyfully utilized,;

¢ eachTCP flow exhibits a throughputthat can be expressedas a function of the end-to-endpaclet
loss/markingrate and averagepaclet roundtrip time. Denotethis by T'(q, R) whereq denoteghe
end-endoss/markingrateand R the roundtrip time. For simplicity we assumeéhatthe TCP ACK
pacletswill never bedropped.However our modelcanbe extendedto accountfor TCP ACK paclet
loss.

2.1.1 Packet dropping congested outer

In this sectionwe considelithescenariavherethe congestedQM routerdropspacketsaccordingo p,. We
considerthefollowing two expressiondor T'(g, R) thathave appearedn theliterature[21] [17] [22],

Ty(Riqi) = M%\/&qi), (2)
TR gy = (1= 0/ + Wig) + Qlai W(gi)) /(L ~ 41)) (3)

Ri(W(g:)/2+1) + Q(qi, W(a:))F(q:)To /(1 — @)

whereM is the paclet sizemeasuredn bitsand

W(g) = 2/3+2y(1-q)/(3¢) +1/9,
Qlgw) = min{l,(1-(1-¢)1+1 -9’1~ 1-9*?))/1-1-a")}

F(g) = 1+4q+2¢*+4¢> +8¢* +16¢° + 3245

HereW (q) is the expectedwindow sizeatthetime of alossevent; Q(q, w) is the probabilitythata paclet
lossis detectedoy a timeout; Ty is the lateny of the first timeoutwithout back-of; F(q)/(1 — q) is the
expectednumberof timesthatT; is doubled. Henceforth,we referto (2) and (3) asthe squae root and
PFTK formularespecitrely.

Thesquaregootformula,(2), whichignoresthe effectsof timeouts hasbeenderivedin [21]. Thesecond
expressions the productionof the TCP sendingratederivedin [22] andtheendto endsuccesprobability
This TCP sendingrate expressiorwas shavn to accuratelymodelthe effectsof timeouts. Expression3)
differsfrom thethroughputexpressiorderivedin [23] for TCP-Renooperatingover adroptail queue.Our
simulationresultssuggesthat (3) is more accuratefor AQM mechanismsuchas RED. Note that TCP
formulas(2) and(3) areasymptoticallythe sameasq — 0.

We furthermalke thefollowing assumptions:

o All of theTCPflowstraversingthesinglecongestedouterexperiencehesamdossprobabilitywhich
is introducedby the AQM routerdiscardfunction,i.e. g; = py(zy), i=1,...,N.



¢ Theexpectedoundtrip timeof flow ¢, R; canbeexpresse@dsR; = A;+z,/C,. HereA; accountgor
the two way propagatiordelayandthe transmissiortimesat routerv. The seconderm corresponds

to theexpectedqueuedelaythroughthe congestedouterwv.

Note that, aswe have expressedy; and R; in termsof z,, we canwrite the throughputof flow ¢ as
Ti(zy),i=1,...N.

We now focuson determininge,,. We have following equation,

ZTz(Q:v) = Cy. 4)

which canbesolvwedto obtainz,. Onceobtainz,,, we canestimatehelossprobability of acongestedouter
andthroughputof all TCPflows.

Theorem 1 The existsan uniquesolutionto equation(4) providedthat
1. py(z,) is continuousand non-deceasingin z,,.
2. py(0)=0
N
3. X i1 Ti(By) < Cy

Proof: Equations(2) and (3) coupledwith the assumptiorthat p,(z,) is continuousand non-decreasing
allows usto concludethat T;(z, ) is decreasin@ndcontinuousn z,,. Furthermorelimg, ¢ 7;(z,) = oo.

Thesetwo propertiescoupledwith the assumptiorthat Zfil T;(B,) < C, imply thatthereis oneand

exactly onesolutionto

Zﬂ(Ri(xv)aqi(xv)) = Cb. )

2.1.2 Packet marking congestedouter

Throughputexpressiong2) and(3) arevalid only underthe assumptiorthat pacletsaredroppedandhave
to be modifiedin orderto modela paclet markingrouter Sincea TCP flow experienceqo losswhena
pacletis marked,therearenotimeouteventsandthethroughpuis thesameasthesendingate.As (2) does

notaccounftfor timeout,it cansimply bereplacedoy the sendingrateexpression,

(6)



A modificationof (3) requireshetimeoutprobabilityto be setto zero. Theresultis

1—qi)/ai + W(ai)
Ri(W(g:)/2+1)

Ti(R;, q;) = M( (7)

We cannow determineg, by usingeither(6) or (7) coupledwith equation(4). Theoreml holdsalsofor the

casethatthe congestedoutermarkspacletsinsteadof droppingpaclets.

2.2 Finite TCP flows

We considera scenariowherethereare N classef finite duration TCP flows . TCP flows within the
sameclasshave the samecharacteristicsthe sameroundtrip time anddurationdistribution whereast CP
flows within differentclassedave differentcharacteristicsWe assumehatall TCP flows traversea single
congestedouterv, i.e., Ry(z) = A; + z,/C, i = 1,...,N. TheTCPflows within classi,i = 1,..., N,
arrive accordingto a Poissonprocesswith rate \; andthe numberof pacletsto betransferredy this flow
is exponentiallydistributed with expectedvalue1/u;. For now, assumehata flow in class: achieesa
throughpuﬂ“iﬁ”(xv, 1/ ;) -

Wedigresfor amomentandreview aprocessosharingmodelthatwasstudiedn [5]. Consideasingle-
sener processosharingsystemwith N customerclasses Assumethatthe sener hasa processingate of

one. Associatedvith the classesareweights{g;}¥ ;. Let L;(t) denotethe numberof classi customersn

thesystemattime ¢. Then,aclassi customerecevesserviceatrateg;/ sz:l gr Ly (t) attimet.

Let L; = lim; o L;(t). Fromtheanalysisn [5], whenthecustomersvithin eachclassarrive according
to a Poissonprocesswith rate A; and requirean amountof servicethatis exponentiallydistributed with
expectedvalue 1/u;, we have the following setof linear equationsdescribingthe expectedvaluesof L;,
E[L;]

E[Lk] 1_— iv: A]'g]‘ - iv: E[Lj]gj — i (8)

Ak io Hidi + UkIk o1 M9 + Ukgk Pk

We canapplytheseresultsto our modelby simply noting that, for ary pair of TCP flows from classesg, j

sharinga congestedoutey g; /g; = Tiﬁ"(m, l/m)/iji"(x, 1/u;). Wethenrewrite (8) as

N N

E|L i EI[L; 1
Ak jzzl i + T (20,1 /s T+ TI™ @o,l k) g
J T (w0,1/7) I T™ (20,1 187)

We assumehatthelink is fully utilized aslongasoneor moreTCPflows areactve. Wethenhave

N N
> BILIT ™ (20, 1/1i) = MY Ni/pi (10)
i=1 i=1



Combining(9) and(10),we have N + 1 equationsand N + 1 unknawns, E[L;], i, ..., N, &,.

We now determinel’/™*() in boththe paclet droppingrouterandthe packet markingnetworks.

2.2.1 Packet dropping congestedouter

In orderto modelfinite durationflows, we needto accountfor the TCP startupphase.To do so, we rely
on a modelproposedn [2] to computethe TCP lateng for transferringd datapacletsthat accountsor
this startupphase.Let D denotethetime requiredto completea TCP datatransfer The expecteddelayfor
transferringd datapacletsis,

E[D‘d] = E[Dss|d] + E[Dloss|d] + E[Dca|d] + E[Ddelack|d] (11)

where E[D,;|d] is the expecteddurationof the slow start phaseobtainedfrom expression(15) in [2];

E[D,,s5|d] is the expecteddelay dueto ary retransmissioriimeoutsor fastrecovery that happensat the
end of the initial slow startphaseandis obtainedfrom expression(20) in [2]; E[D..|d] is the expected
time requiredto sendremainingdataafterslow startandlossrecovery obtainedrom expression24)in [2];

E[Dgeiack|d] is the expecteddelaydueto delayedacknavledgmentsandis determineddy implementation
details.Besideghenumberof pacletsd, two otherparameterthataffect expectedT CPlateny areaverage
roundtrip time R andend-to-endossprobability g. Assumethat TCP flow ¢ hasd; pacletsto transferand
thatits roundtrip R; andlossprobability ¢; areknown. Let D; bethetransfertime for TCP flow i; then

E[D;|d;] canbe computedusing(11). The throughputexpressiorfor finite TCP flow ¢ canbe written as
Tiﬁ”(Ri,qi,di) = d;/E[D;|d;]. Sinceboth R; andg; arefunctionsof z,, asshavn earlier the throughput

functionfor TCPflow i is expressedsT/™ (z,, d;).

2.2.2 Packet marking congestedouter

We haveto modify expressior{11)to computeheexpectedelayfor finite TCPsessionsvhenthecongested
routermarkspaclets. The term E[D,;|d] remainsthe sameexceptthat we usethe marking probability
insteadof the loss probability as we apply expression(15) in [2]. The term E[Dy,ss|d] computingthe
expectedcostof thefirst lossdisappeardecausehe routernever dropspaclets. E[D geiqck|d] is the same
asin apacletdroppingnetwork whenpacletsaredropped.Thecomputatiorof E[D,,|d] reliesonthe TCP
throughputfunctionderivedin [23] for infinite TCP flows. To accountfor paclet markingwe replacethe
infinite TCP throughputexpressionin expression(24), [2] with the infinite TCP throughputfunction (7)
derived earlierfor the paclet markingrouter Oncethe expecteddelayis available,the throughputcanbe

obtainedusingthetechniquewe presentedor the paclet droppingrouter



2.2.3 General TCP sessiorsizes

Until nov we have assumedhatthe numberof pacletstransferredn afinite TCP sessioris exponentially
distributed. Thisis easilyextendedo the casewherethe numberof pacletsto betransfereds describedy
a hypereponentialdistribution, i.e., a distribution representethy parallelexponentialstages Assumethat

the transfersize of a classj TCP sessionis describedby an s; stagehyperexponentialdistribution. With
probabilitya; ; the sessiorsizeis exponentiallydistributedwith meant /. Notethat "1 | o x/ 1k =
1/p; and Eszl ajr = 1. We divide the TCP sessionsn classj into s; subclassegs, . .. .js; where
Ajk = ajrAj. Thisresultsin E;.VZI s; subclassesf TCPsessionsA sessiorin subclasgj, k) transfersa

numberof pacletsthatis exponentiallydistributedwith meanl/p; ;. Furthermoresessiongrom subclass
(4, k) arrive accordingto a Poissorprocesswith ratea; ; A;. Thusour earliermodelapplieshere.

This extensionis especiallyusefulasthereexist techniquedor usinga hypereponentialdistribution to
fit a heavy tailedtransferdistribution [8].

3 A network of multiple congestecheterogeneous outers

In the previous section,we proposedmodelsfor a network containinga single congestedouterfor both
infinite andfinite duration TCP flows. In this sectionwe first extend modelsfor infinite TCP flows to a
network of multiple congestedAQM routerswheresomeroutersdrop paclets whereashe other routers
markpacletsfor thesale of congestiorcontrol. How to modelthefinite TCPflowsin a network containing
morethanonecongestedoutersis a challengingproblemthatwe have not solved.

Let V beacollectionof AQM routers.Let V,; andV,,, denotethe setof paclet droppingandthe setof
paclet markingroutersrespectrely. Wehave V; U V,,, = V. Eachrouterv € V' hasatransmissiorcapacity
of C, bits persecondln addition,routerv canbuffer upto B, bits. Associatedvith eachrouterv € V isa
probability discard/marKunctionp, (z, ) whichtakesasits agumentz, , theaveragequeudengthof router
v andis expressedn (1).

Let us considera workload of NV infinite duration TCP flows labelled: = 1,...,N. LetV; =
(i, Ji2s - - -5 Jim; ) bethe orderedsetof routers(i.e., route)taken by pacletsof flow i, whereg; , € V,
m = 1,...,n; andn; is theroutes length. Fromthe perspectie of alink v € V, it is usefulto introduce
S, asthesetof TCPflowsthattraversev. In addition,let Vi(u) = (j; g(i,u), - - - » Ji,n; ) DEthe portionof the
pathfrom routerg(i, u), the next routerafteru ontheflow i’s path,to therecever, inclusie.

Let = denotethevectorof z,, v € V. We malke following assumptions

e Theexpectedroundtrip time of flow i, R;(x) canbeexpresseds

Ri(x) = Ai + Y 2u/Cy (12)
veEV;



Here A; accountdor the two way propagatiordelayandthe sumof the transmissiortimesat all of
the routerson the route of flow i. The seconderm correspondso the averagequeuedelaythrough

theroutersonthepath.

e Dropsandmarksoccursasindependenévents.If we let qg”(w) (resp.¢!"(x)) denotethe probabilities

thataflow ¢ pacletis droppedresp.marked) onits end-to-encpath,thenthey aregivenby

@) = 1- J[ (1-p) (13)
vEV;NVy
@) = (1-gl@ni- [ a-p)) (14)
vEV;NVy,

For simplicity, we alsoassumehat TCP ACKs areneithermarked nor dropped.

The expressiondor TCP throughputin the literatureso far arefor eithera pure paclet droppingnetwork
or a pure paclet markingnetwork. In orderto completeour modelfor a network containingboth paclet
droppingandpaclet markingrouters we have to first derive TCPthroughputformulasthatcanbeexpressed
asfunctionsof the endto end paclet loss probability the endto end paclet marking probability andthe
averageroundtrip time. TheseTCP throughputformulasareobtainedby modifying either(2) or (3). Let

defineq; = ¢ + qf . Sincea TCP flow responddothto pacletlossesandpaclket marks,we modify (2) to

1.22(1 — ¢¥)

Riva

Equation(3) accountdor timeouts.Sincetimeoutscanonly introducedby paclet dropsandnot by paclet

Ti(Ri ¢l ¢") = (15)

markingwe modify (3) to

(1—g))((1 — q)/qi + W(@) + Q(af, W(@:))/(1 — ¢f)) (16)

(R:. 0% g™
Ti(Ri, qf qi") Ry(W (a:)/2 +1) + Q(af, W (a:)) F(¢)To /(1 — ¢

Note that we can expreSSqf, g" and R; in termsof x; hencewe canwrite the throughputof flow ¢ as
Ti(x),i=1,...,n.

We now give thesetof equationghatdescribahebehaior of . Let S C V denotehesetof congested
routers. Let T; ,(x),j € S, betherateat which pacletsfrom flow j leave congestedouterv. We have

> jes, Tio(®) = Cy from the assumptiorthata congestedouteris fully utilized. We canrelateT},,(x)

andT;(x) asfollows. T;(x) is the rate at which paclets for flow j arrive at its recever after traversing
the remainingrouterson its path, V;(v) the fraction of paclets belongingto flow j thatleave v and are
droppedis Huevj(v)mvd(l — pu(y)). Thus,Tj(xz) = T}, (x) Huevj(v)mvd(l — pu(zy)). Therefore We
have following setof equationspnefor eachcongestedouter

Y (@mix)) ] (1-pul@s)=Co, veS (17)

JESy u€V;(v)NVd



Otherwise

Z (Tj(x)/ H (1= pu(za))) < Cy and z, =0, veV\S.

JESy u€V;(v)NVd

whereT'() is the throughputfunctionin a network containingboth paclet droppingand paclet marking
routerswhich takesexpressioreither(15) or (16).

This modelcanbe usedto modela purepaclet droppingnetwork or a purepaclet markingnetwork by
letting Vg = ¢ or V,,, = ¢ respecitiely.

We currentlydo not have ary goodresultsregardingthe existenceof solutionexceptfor somespecial
casesHowever our experimentshave alwaysproducedreasonable’solutions.

Themodelin this sectioncanbe extendedo predictthe behaior of a network thatcontainsUDP flows
aswell asTCP flows. As UDP flows sharethe congestedouterwith TCP, we subtractthe averageUDP
throughputfrom the capacityof the congestedouterandassumehat TCP flows take the restof the router

capacity Thedetailedmodelandvalidationcanbefoundin [1].

4 Model Validation

In orderto understandhe accurag of the modelsproposedn the earliersectionswe performeda set of
simulationsundera variety of network conditionsusingthe ns2simulator[16]. We variedthe TCPversion,
network topology G-RED configuration,propagationdelay traffic load, and traffic type. We simulated
G-RED wherethe paclet dropping/markingorobability variesfrom p™%* to 1 asthe averagequeuesize
variesfrom ¢™4% to twice t™%* by settingthe “gentle” parameteto 1 asrecommendedh [12]. We also
setthe RED parameterén suchaway thatthe averagequeuesizelies betweent™" andt™a®, We believe
awell engineeredoutershouldalwayshave this property althoughour solutionalgorithmdoesnot rely on
this limitation. To obtainthe bestbehaior of RED, the RED routersin the simulationareall configured
accordingo [11]. We simulatedTCP Reno/SACK with a paclet size500 bytes.We first validatethe model
in the caseof a singlecongestedouterwhereofferedloadsconsistingof infinite andfinite TCP flows. We
thenevaluatethe modelfor tandemand cyclic networks containingmultiple congestedouters. For each
testnetwork, we estimatethe network metricsusingthe modelsproposedn the precedingsections. We
focusonthefollowing metrics,averagequeueoccupang anddropratewithin eachRED router throughput
and end-to-endoss probability as seenby eachTCP flow, andthe averagelateng to transferfinite TCP

sessions.

4.1 A singlecongestedouter: Infinite TCP flows

In this setof simulationsthereareatotal of N TCP flows sharinga commonlink with capacityC' (Figure

1). Link O-1is the only congestedink encounteredby ary TCPflow. (i.e. paclet dropping/markingonly
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occursonlink 0-1).

®

Congested link

Figurel: Then TCPflow sharea singlecongestedink

4.1.1 Packetdropping router

We setthe G-RED control parametersf router0 to be pf*@® = 0.1, tf*" = 30, t7*** = 90, By = 180,
andCy = 4Mbps. Sincethe G-RED controlfunctionis fixed, the averagequeueoccupang anddroprate
at router0 increaseasthe numberof TCP flows increase.We considera scenariowhereindividual TCP
flows exhibit differentroundtrip times. Thisis doneby varyingthe propagatiordelay For TCP flow i, we
let A; = (2i +20)ms, i = 1,..., N. We run the simulationsfor N = 10, 20, ...,120. In orderto verify
our modelfor differentTCP versionswe run eachsimulationtwice, onewith TCP Renoandthe otherwith
TCPSACK.

We only presentheresultsfor TCP SACK from boththe modelandthe simulationin Figure2 because
the model predictionsfor TCP Renoareonly slightly betterand TCP SACK is becomingmoreandmore
dominantin the Internet.Eachgraphis a scatteplot of the differentmetrics,throughputof eachTCPflow,
averagequeueoccupang andloss probability within the G-RED routers. We plot the measurednetrics
alongthe x-axis andthe estimatedmetricsalongthe y-axis. The PFTK model providesaccuratesstimates
of all threemetrics. On the otherhand,the squareroot modelonly providesreasonablestimatef the
throughputut significantlyoverestimateshe averagerouterqueudengthandaveragerouterlossrate. The
error in the loss rate estimateincreasesas the lossrateincreases.This is dueto the fact that the square
root TCPformuladoesnt accountor timeoutsandthetimeouteventsbecomamnorefrequentasthelossrate
increasesln orderto verify thislaststatementwe measuredhethe probabilitythata pacletlossis detected
by atimeoutin our simulationandplot it asa function of measuredossratefor both TCP Renoand TCP
SACK in Figure3. We obsenre thatevenwhenthe paclet lossis aslow as4%, the probabilitythata paclet
lossdetectedby atimeoutis about25% for TCP Renoand18% for TCP SACK. It is alsoobseredthatthe
timeoutprobabilityof TCP SACK is lessthanthatof TCP Renoundersamepaclet lossrate.

We find from our simulationsthatthe TCP SACK flows suffered highera veragequeuelatenciesand

lossratesthanTCP Renoflows . We will returnto thisin Sectionb.
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We have examinedtheaccurag of themodelpredictionsaswe increaseghenumberof TCPflows but fix
the G-RED parametersWe alsoperformeda setof simulationson the sametopologybut scaledhe G-RED
parametef an AQM routerwith the numberof TCP flows sharingthe router Assumethereare a total
of N TCP flows, the G-RED control parametenf the congestedouterare configuredto be pg*** = 0.1,

tmin — 3N /2, t5?* = 9N/2, By = 9N, Cy = N/10Mbps. The conclusionfrom this setof simulationsis

Estimated throughput

thatthe modelpredictionsbecomanoreaccurateasthe network scalesup.

N
S
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Figure2: Estimatevs. Simulation
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4.1.2 Packetmarking router

We ranthe samesetof simulationsasfor the paclet droppingrouterexceptthatthe G-REDroutersto mark
pacletswhenthey experiencecongestiorandenableTCPto respondo the marked paclets. We alsoonly
simulateTCP SACK asit is recommendedstheproperT CPversionto couplewith paclet markingrouters.

Figure4 depictsthe resultsof theseexperiments.Eachgraphis a scatteplot of the differentmetrics,
throughputof eachTCP flow, averagequeueoccupang and loss probability within the G-RED routers.
We plot the measurednetricsalongthe x-axisandthe estimatednetricsalongthe y-axis. Theresultsfrom

squaraootandPFTK modelarevery closefor predictingpaclet markingnetwork andbothof themprovide
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goodestimate®f all metrics.
We alsofind from simulationghatthe paclet markingrouteris characterizetby a higheraveragequeue

lengththanthe paclet droppingrouter We'll addresshisin section5
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Figure4: Estimatevs. Simulation:summarizedesultsfor singlepaclet markingcongestedouter

4.2 A singlecongestedouter: Finite TCP flows

In orderto evaluatethe modelfor finite TCP flows, we simulatedthe network shawvn in Figure1l whensup-
portingseveralclasse®f TCPflows. TCPflowswithin eachclassarrive accordingo a PoissorprocessWe
first simulatea scenariovherethe numberof pacletsto betransferedy a flow is exponentiallydistributed.
We thensimulatethe scenariovherethe numberof pacletsto betransferedy TCPflows within eachclass

is describedby a hyperaxponentialdistribution.

4.2.1 Exponentially distrib uted finite TCP sessionsize

We simulate5 TCP classesharinga singlecongestedouterasin Figurel. TCP flows within eachclass
arrive accordingto a Poissorprocessandthe numberof pacletsto transferis exponentiallydistributed. In

the simulation,\; = 10 flows/secfori = 1,...,5. Theaveragenumberof pacletsto transferis 19. (i.e.,
1/u; = 19,¢ = 1,...,5). Thetwo way propagatiordelay for a classi flow is (20 + 10i)ms. Router
0 is configuredwith p*®® = 0.1, tf¥" = 15 paclets, t'%® = 3t7%" paclets, By = 2tJ'® pacletsand
Cy = 4Mbps. We first configurethe congestedouterto drop pacletsaccordingto thediscardfunctionand
simulateTCP Renoand TCP SACK. We thensetthe congestedouterto mark pacletsandsimulateTCP
SACK. Finally we evaluatethe modelswe proposecearlierfor bothapaclet droppinganda paclet marking
congestedouter The averagelateny for eachTCP classfrom both modelsand simulationsare plotted
in Figure5 andthe averagequeuelengthandrouterloss probability arerecordedn Tablel. In Figure5,

we plot the averagelateny for eachTCP classas a function of their two way propagatiordelay Table
1 recordsthe loss/markprobability and averagequeueoccupang from the simulationsand from models.

We obsenre thatthe simulatedfinite TCP Renoand TCP SACK flows in the paclet droppingroutershawvs
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Metric Paclketdroppingrouter || Packet markingrouter

Model | SACK | Reno| Model |  SACK

Loss/Mark || 0.029 | 0.034 | 0.034|| 0.043 0.04
Queue 23.6 | 24.7 25 28 26

Tablel: Estimatesss. Simulationsfor finite TCP: Loss(marking)robability andaveragequeueoccupang

slightly differentbehaior andboth of themagreewith the modelreasonablywell. The accurag of the

modelfor a paclet markingrouteris slightly betterthanthatof the modelfor a paclet droppingroutet
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Figure5: AverageT CP latengy: exponentiallydistributed TCP sessiorsize

4.2.2 Hyperexponentially distrib uted finite TCP sessionsize

We now evaluatethe quality of our modelin predictingperformancevhenTCP sessiorsizescomefrom a
hypereponentialdistribution. The scenarids the sameasthatusedin the precedingsectionexceptfor the
changan theTCPsessiorsize.We considerflows operatingwith TCP SACK overa pacletdroppingrouter
Eachfinite TCPflow draws its sessiorsizefrom anexponentialdistribution having eithermean24 paclets
or meanl4 pacletswith equalprobabilities.We plot theaveragdateny for eachTCP classaspredictedoy
our modelandasmeasuredrom the simulationin Figure6 andobsene goodagreementln addition,the
averagequeudengthwasestimatedo be23.6 pacletsfrom themodeland25 pacletsfrom the simulation.

Thelossprobabilityis estimatedo be0.029 from the modeland0.032 from the simulation.

4.3 A network of multiple congested outers

In orderto understanchow well the modelspredictbehaior in a multiple bottlenecknetwork, we setup
a network composedf a core tandemnetwork and someexterior nodes(Figure 7). We denotethe set
of routerswithin the corenetwork as S = {1,...,M}. The network is configuredin sucha way that

all routersin S are congested.The G-RED control parametersre chosenas follows, ¢7" is uniformly
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distributedin [30, 90] paclets,andt!a® = 3¢t™n, B, = 2¢t74%, C; is uniformly distributedin [2, 6]Mbps,
i = 1,..., M. The propagationdelaysof all the links alongthe core network are uniformly distributed
in [5,10]ms. By varying M from 5 to 10 andrandomizingthe G-RED control parameterswe createds
coretandemnetworks. For eachof thesewe generategwo simulationinstancesy addingdifferent TCP
flows to eachcoretandemnetwork. All the TCP flows startfrom an exterior nodeandendat a nodein the
coretandemnetwork. For eachrouter:, we attachE; exterior nodesu;;,j = 1,..., E; toit. E; is chosen
uniformly from therange[3, 6]. Thelink propagatiordelaysarerandomlychoserfrom therange[5, 10]jms.
For eachnodew;;, a TCPflow f;; startsfrom u;; andtraversesL;; congestedoutersvia routeri. L;; is
chosenuniformly from [2,5]. If f;; reacheghe end of tandemnetwork beforeit traverseL;; congested
links, it stopsatthatend. In orderto make routeri,i = 1,..., M congestedfor eachi, we setup 1 to 4
TCPflowsthattraverseonly routeri in S. ForaTCPflow j, A; isin therangeof [20, 120]ms. For eachof
the8 corenetwork createcearlier we first generatéwo groupsof TCP flows usingdifferentrandomseeds.

We thushave 16 scenarios.

Exterior Nodes

Figure7: A tandemnetwork with exterior nodes

We configurethe congestedRED routersto drop paclets. In orderto evaluatethe modelsfor different
versionsof TCPR, we ran eachof 16 scenariogwice, onewith TCP Reno,the otherwith TCP SACK. The
modelprovidesmoreaccuratepredictionsof TCP RenoperformancehanTCP SACK performanceandwe
only presenthe resultsfor TCP SACK. Figure 8 depictsthe resultsof theseexperiments.Eachgraphis a

scattesplot of the differentmetrics,throughputandend-to-endossrate of eachTCP flow, averagequeue
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occupang andlossprobability within the G-RED routers. We plot the measurednetricsalongthe x-axis
andthe estimatedmetricsalongthe y-axis. As we canobsenre from Figure 8, the PFTK modelprovides
accurateestimatesf all metrics, whereaghe squareroot model canonly predictthroughputwell. The
squareroot modeloverestimatesothrouterlossand TCP flows endto endlossmoreandmoreastheloss
probability increasedecauset doesnt accountfor timeoutsandtimeoutsbecomemoresignificantasthe
lossincrease.To summarizewe computethe meanpercentagerrorsin the predictionmadeby the PFTK
modelfor routerlossrate, flow end-to-endoss, flow throughput,and router averagequeuelength. They
werel.9%, 2%, 4.1% and3.5% andwe never saw errorsgreateithan8%, 8%, 12% and10% respectiely.

We alsoobsered from our experimentghat TCP SACK producesigheraveragequeudengths router
lossratesandendto endlossthanTCP Reno.We will addresshisin thenext section.

All simulationsperformedso far are on feed forward networks. We also simulatedcyclic networks
obtainedby connectingwo endsof the coretandemnetworks. Theresultsfrom simulationsarepresented
in [1]. Themodelaccuray for cyclic networksis closeto thatfor tandemnetworks.

We performeda similar validationfor paclet markingnetworks. The predictionsfrom the squareroot
modelandthe PFTK modelare quite closeandboth modelsprovide accurateestimatesf all the metrics.

Thesimulationsresultscanbefoundin [1].

4.4 A discussionof the model and the simulation results

The simulationshave demonstratedhat our modelsprovide fairly accuratepredictionsfor both TCP and
routermetrics.But we alsoobsere the existenceof minor divergencebetweerour modelsandsimulation.
We conjecturehatthe predictionerror of the TCP throughputformulacould contritute to this divergence.
Our methodis basedon combininganalysesof individual TCP flows with a network model. The PFTK
andsquareroot TCP throughputexpressionsare both derived for a variety of simplified assumptionsWe
alreadyknow thatsquareaootignoresthetimeouteventswhich aresignificantevenwhenthelossrateis less
than5%. The PFTK formula providesbetterpredictionsthanthe squareroot formula dueto the factthat
it accountdor timeouts.But it is alsopointedoutin [24] thatthereis predictionerrorin PFTK formulain
somecasesSinceour modelsincludetwo componentst is straightforvardto replaceghe PFTK andsquare
root expressionsvith more accuratesxpressionsasthey areproduced.In addition, expressionsasedon

measuredhroughput/loss/RT profilescanbe usedaswell.

5 Somemonotonicity propertiesand applications

During the processof validatingthe fixed point methodologywe obsered that an infinite durationTCP
SACK sessionncurshigherlossrateandaverageroundtrip time thananinfinite durationTCP Renosession
whentraversinga singlecongestedouter andthata markingrouterexhibits a higheraveragequeudength
thanarouterthatdropspacletswhenofferedafixednumberof infinite durationTCP SACK (or TCPReno)
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Figure8: Estimatevs. Simulation:summarizedesultsfor tandempaclet droppingnetwork

sessionsTheseobserationsareeasilyexplainedby animportantandfundamentamonotonicityproperty
exhibited by congested\QM routersasstatednext.
Considerntwo classef flows,i = 1,2, whosethroughputT(p, R) andT?(p, R) arefunctionsof loss

probability p, androundtrip time, R. We have the following resultfor a singlecongestedouter

Theorem?2 Letz* denotethe average queudengthof a congestedAQM routersupportingN classi flows,
i = 1,2 whee T'(p,R) > T?%(p,R) Vp,R. If p() is continuousand non-deceasing thenz! > 22.
Furthermoe, if T (p, R) > T?(p, R) Vp, R, thenz! > z2.

Proof. Let z¢ denotethe averagequeudengthincurredby asetof N infinite durationclassi flows passing
throughthe congestedouter We canexpressthe throughputof the j-th flow asT]?'(x),j =1,...,N;i =

1,2. By the statemenof thetheorem,’l“jl(x) > T]?(x), Va Let the AQM routerhave capacityC. It follows

thenthat
N N
> THa') =) T(?) =C. (18)
=1 =1

Sinceboththeroundtrip time andlossrateareincreasingunctionsof averagequeudength,it follows that
the solutionsto theabore equationsnustsatisfyz' > 2. If T} (z) > T} (z)Vj, z, thenz' > *.
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This canbe usedto explain the differencebetweenT CP Renoand TCP SACK thathasbeenobsered
in simulation.Let TFem°(p, R) andT54“X (p, R) denotethethroughpuiof a TCP Renosessioranda TCP
SACK sessiorrespectrely. The simulationstudyin [7] suggestshata TCP SACK sessioncanachieve
a higherthroughputthana TCP Renosessionfor a given end-to-endossrate and round trip time, i.e.,
TReno(p R) < TSACK(p, R). Applicationof Theorem2 predictsthatzS4CK > zFene and,asa conse-
quencequCK > qfe”", i=1,...,N. AlthoughTCP SACK suffersahigherlossratethanTCP Reno,it
may still exhibit a higherapplication-lgel throughput. This is becaus& CP/SACK is moreefficientin its
retransmissionthanTCP/Renoj.e.,it is lesslikely to retransmiia paclet thathasbeenalreadysuccessfully
recevedby therecever.

Theorenm? canalsobeusedto explain why the samesetof TCPflows seea higheraveragequeudength
if they sharea paclet markingcongestedouterinsteadof a paclet droppingcongestedouter

More generally Theoren? statesaninvariancethatmustbe heededy a protocoldesignerlt is easyto
designa protocolthat provideshigherthroughputfor a given paclet lossratethanTCR, i.e., T™¢*(p, R) >
T*P(p, R). However, accordingto Theoren® this protocolnecessarilgeneratefigheraveragedelaysand
lossratesthan TCPwhenpassedhroughtwo identically configuredAQM droprouters.

Our modelalsocanbe usedto establisha secondnonotonicitypropertywhich we statewithout proof.

Theorem 3 ConsiderN infinite duration TCP sessiongharacterizedby throughputfunctionT;(p, R), i =
1,..., N, that travese a single AQM router with link capacityC. Let z(C) denotethe avelage queue
length of the router as a functionof C. Under the assumptiorthat the probability discad functionp(x)
is continuousand nondeceasing the loss probability incurred by the i-th TCP sessiong;(C), is a non-

increasingfunctionof thelink capacity

This propertyhasthefollowing interestingmplication. Suppos¢hatwe addpaclet-level forwarderror
correction(FEC)to a TCP protocolssuchas TCP/SACK. This will have the effect of reducingthe paclet
lossrateseenby therecever in a TCP session(after correctingfor losses).At first glance this appeargo
be beneficialasthe throughputof aninfinite durationTCP sessiorincreasessthe end-to-endossratede-
creasesSupposeéhatall of the TCP sessionsraversinga congestedouterintroduceFEC. This necessarily
hasthe effect of reducingthe effective capacityof the link assomeof the capacitywill be usedto transmit
unnecessarparity paclets. Thus,accordingto the precedingheoremthe neteffect will beto increasethe
pacletlossrateseerby thesessiorafterit correctdor lossesoverthepacletlossrateseerby asessiorwhen
no FECis used.ConsequentlyFEC cannotbe effectively usedby long-lived flows to dealwith congestion.

Last, we conjecturethat thesepropertieshold in a more generalnetwork setting. This conjectureis

supportedby the simulationsreportedn the precedingsection.
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6 Conclusion

We have developedand studieda fixed point methodfor analyzingthe behaior of a large populationof
TCPflows traversinga network of routerswith active queuemanagementWe consideredothroutersthat
drop andmark paclets servinginfinite durationflows aswell asfinite durationflows. We alsodeveloped
algorithmsfor a single congestedoutersupportingfinite durationTCP flows. Last,we considerednodels
thataccountfor timeoutsaswell asmodelsthatdo not. Our experiencandicatesthatthesemethodscanbe
extremelyaccuraten predictingmetricssuchasaveragequeudength,lossprobability andthroughput.

Last,we presentedomeusefulmonotonicitypropertieghatexplain certaintypesof behaior obserned
in simulationsge.g.,thatTCP SACK producesigherlossprobabilitiesthan TCP Reno.

We arecurrentlypursuingthe following topics:

e morethoroughvalidationof the methodology
¢ establishmentf existenceanduniquenesgropertiedor the methods,
¢ relaxationof theneedfor feedbacko bereliableandtimely,

¢ extensionof thefinite durationflow modelto the network setting.
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