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Abstract— Traffic engineering aims to distrib ute traffic
so as to “optimize” some performance criterion. This
optimal distrib ution of traffic dependson both the routing
protocol and the forwarding mechanismsin use in the
network. In IP networks running the OSPF or IS-IS
protocols, routing is over shortest paths, and forwarding
mechanismsdistrib ute traffic “unif ormly” over equal cost
shortest paths. Theseconstraints often make achieving an
optimal distribution of traffic impossible. In this paper,
we propose and evaluate an approach that can realize
near optimal traffic distrib ution without changesto routing
protocols and forwarding mechanisms. In addition, we
explore the trade-off that existsbetweenperformance and
the configuration overheadthat our solution requires.The
paper’'s contributions are in formulating and evaluating
an approach to traffic engineering in IP networks that
achieves near-optimal performance while presewing the
existing infrastructur e.

Index Terms— Routing, Networks, Traffic Engineering,
Aggregation.

I. INTRODUCTION

As theamountandcriticality of databeingcarried
on IP networks grows, managingnetwork resources
to ensurereliable and acceptableperformancebe-
comes increasingly important. Furthermore, this
shouldbe accomplishedvhile minimizing or defer
ring costly upgradesOne of the techniqueghat is
beingevaluatedby mary InternetServiceProviders
to achieve this goal is traffic engineering.Traf-
fic engineeringusesinformation about the traffic
entering and leaving the network to generatea
routingschemehatoptimizesnetwork performance.
Most often the output of traffic engineeringis an
“optimal” setof pathsandlink loadsthat produce
the best possible performancegiven the available
resourcesHowever, explicitly settingup suchpaths
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and (optimally) assigningtraffic to them, typically
calls for changesto both the routing protocols
and the forwarding mechanismthey rely on, e.g.,
throughthe introductionof new technologysuchas
MPLS [15].

Currently two of the most widely usedInterior
Gatevay routing protocolsare OSPF[14] and IS-
IS [4], and devising solutions that allow these
protocolsto emulate“optimal routing; is therefore
desirable.There are two main difficulties in doing
so. The first is that these protocols use shortest
pathroutingwith destinationbasedorwarding.The
seconds thatwhenthe protocolsgeneratanultiple
equal cost paths or next hops for a given desti-
nation routing prefix, the forwarding mechanism
equally splits the correspondingraffic acrossthem
to balancethe load. This “equal” splitting is an
approximation that dependson the selection of
which next hop to use for a given paclet. This
selectionis basedeitheron the value (onefor each
possiblenext hop) of a hashfunction applied to
the paclet headernsourceanddestinationaddresses
and port numbers),or on the state of a simple
round-robinschemedhat cyclesthroughthe possible
next hops.Althoughthelatteroptionis occasionally
usedand provides for a more even distribution of
load acrosspossiblenext hops, the former option
is the more commonly used in practice. This is
becausat preseres paclet orderingwithin a flow,
andbecausehe large numberof flows that modern
routershandleresultsin a good approximationof
equalsplitting ([5]). For simplicity, in the paperwe
assumehattraffic is split in exactly equalfractions
acrossequalcostnext hops.

The constraintdmposedby the useof both short-
estpathroutingandequalsplitting acrossequalcost
pathsmake it difficult or evenimpossibleto achieve
optimal traffic engineeringlink loads. One of the
first works to explore this issuewas [7], wherea
local searchheuristicwas proposedfor optimizing



OSPF weights assumingknowledge of the traffic
matrix. [7] shavedthatin spiteof theseconstraints,
properly selectingOSPF weights could yield sig-
nificant performanceimprovements.However, the
paper also shaved that for some topologies,per
formance could still differ substantiallyfrom the
optimal solution. Subsequentlya resultfrom linear
programming([2][Chap. 17, Sec. 17.2]) was used
in [21] to prove that any set of routes can be
converted into a set of shortestpaths basedon
somelink weightsthat matchesor improves upon
the performanceof the original setof routes.This
establishesthat the shortestpath limitation is in
itself not a major hurdle. However, the result of
[21] assumedorwarding decisionsthat are specific
to eachingress-gresspair, and more importantly
the ability to split traffic in an arbitrary ratio over

other words, for ead prefix we definea (sub)set
of allowable next hops by carefully selectingthis

subsefromthe setof next hopscorrespondingo the

shortestpaths computedby the routing algorithm.

This allows us to control how traffic is distributed

without modifying routing protocolssuchas OSPF
or IS-IS, and without requiring changesto the

data path of currentrouters,i.e., their forwarding

mechanismlt does,however, requiresomechanges
to the control path of routersin orderto allow the

selectve installmentof next hopsin the forwarding

table.

Ourinitial focusis ongainingabetterunderstand-
ing of how well the selectve installment of next
hopsfor differentrouting prefixes can approximate
an optimal traffic allocation (set of link loads).
We shav that this problem is NP-completeand

different shortestpaths.Both of theseassumptions hence one must resort to heuristics. Toward this

areat oddswith currentlP forwardingmechanisms.

Compatibility with destinationbasedforwarding
can be achieved througha simple extensionto the
result of [21], simply by taking adwantageof a
property of shortestpaths([17]), or by readjusting
the program formulation itself ([1])!. Accommo-
dating the constraintof uneven splitting of traffic
acrossmultiple shortestpathsis a more challeng-
ing task. It is typically not supportedwith the
forwarding path implementationsthat accompan
most routing protocols (some limited support is
available with Cisco's proprietaryrouting protocol
EIGRP). A new protocol, OSPF-OMP was pro-
posedin [19] that circumwents this constraintby
modifying the hashfunction in the routerto allow
unequalload balancing.However, this will require
significantchangego the forwardingmechanism
the router’s datapath, which is typically not some-
thing that can be accomplishedthrough a simple
software upgrade.

The solution we proposeleveragesthe fact that
presentday routershave thousandsf route entries
(destinationrouting prefixes) in their routing table.
Insteadof changingthe forwarding mechanisnre-
sponsiblefor distributing traffic acrossequal cost
paths, we plan to control the actual (sub)setof
shortestpaths(next hops)assignedo routing prefix
entriesin the forwarding table(s) of a router In

1This is explainedin detailin Sectionll-A
2Ciscos specificationof EIGRP allows unequalload balancing
acrossshortestpathsand non-shortespaths.

end, we proposea simplelocal searchheuristicfor
implementingthe solution. We obtain a bound on
thegapbetweerthe heuristicandoptimalallocation,
and also demonstrateits efficacy through several
experiments Even thoughwe studythe heuristicin
the contet of a routing problem,we believe that
it is genericenoughto be of potentialusein other
loadbalancingscenariosThe mainfinding from our
investigationis that the performanceachieved by
this approachis essentiallyindistinguishablefrom
the optimal.

This being said, an obvious dravback of “hand-
crafting” the setof next hopsthatareto beinstalled
for each routing prefix in a routers forwarding
table, is the configurationoverheadit introduces.
The potential magnitude(proportionalto the size
of the routing/forwarding table) of this overhead
could make this approachimpractical. As a result,
our next stepis to investigatea solution that can
help mitigate this overhead,albeit at the cost of
a possibledeggradationin performanceSpecifically
we limit the numberof routing prefixes for which
we perform the proposedselectve installment of
next hops. Our results indicate that a significant
reductionin configurationoverheadcanbe achieved
without a major loss of performance.

The rest of the paperis structuredas follows.
Sectionll introduceghe linear programformulation
usedin [21] to generatean”optimal” setof shortest
paths, and introducesthe proposedmodifications
to make it compatible with existing IP routers.
Sectionlll presentsa heuristic for approximating



an optimal traffic distribution by manipulatingthe
setof next hopsassignedo eachrouting prefix. A
performanceboundis alsoderved (seeAppendix).
Section IV presentsseveral experimentsthat first
establishthe efficacy of the heuristicof Sectionlll,

andthenexplorethe impacton performancef low-
ering configuration overhead.SectionV provides
a brief summaryof the papers contributions and
outline directionsfor future work.

[I. FROM OPTIMAL ROUTING TO SHORTEST
PATH ROUTING

In this section,we first briefly review the clas-
sic result from linear programming[2][Chap. 17,
Sec.17.2] that was castin the context of routing
in communicationnetworks in [21] to shav how
optimal routing canbe achieved usingonly shortest
paths We thendiscusswvhy this resultis not directly
usablein currentIP networks, and finally propose
solutionsthatallow usto implementtheresultunder
the existing paradigm.

The network is modeledasa directedgraphGG =
(V,E) with v =|| V || routersande =| E ||
directedlinks. We assumethe existenceof a traffic
matrix 1" where entry 7'(s,,t,) = d, denotesthe
averageintensity of traffic enteringthe network at
ingressrouter s, and exiting at egressroutert, for
commodity r € R. A good referenceon how to
constructsucha traffic matrix canbe foundin [6].
Assumethat an optimal allocation basedon some
network wide cost function yields a set of paths
P, for each commodity » (ingress-gress router
pair), sothatthetotal bandwidthconsumedy these
paths on link (i,j) is ¢;. It can be shavn that
the sameperformance,jn terms of the bandwidth
consumedn eachlink, canbe achieved with a set
of shortespathsby formulatingandsolvingalinear
programand its dual. The linear program can be
formulatedas ([21]):

min Z ZdTX{j

(i,j)EETER
subjectto
0, ©%# st
> Y Xi=13 1, i=t,,
3:(G,0)€E J3:(6.§)EE reR

3The bandwidthconsumedn a link is assumedo be the sum of
the traffic on all pathsthat usethe link

> d, X[ <&y (i,j)eE
reR
0<X/, <1 (i,j)e b, reR, 1)

where X7 is the fraction of traffic for commodityr
thatflows throughlink (i, j). Solvingthelinear pro-
gramgivesa traffic aIIocatlon{X ;;} thatconsumes
no morethang¢; ; amountof bandW|dthon ary link
(,7). Note that the formulation is not dependent
on the original network cost function usedto ob-
tain the paths{P,}. Insteadit achieses the same
performanceby matchingthe desired bandwidths
¢;;. In orderto obtainlink weightsfor shortestpath
routing,the dual of the linearprogramasformulated
in [21] needsto be solved:

> Wy

max Z d.U; —

reR,teV (i.7)€E
subjectto
U —U <Wy;+1, VreR, (1,j)€E
Wi; =0
U, = 0. @

The dual gives a setof link weights {1 + W; 1,
from which a set of shortestpaths can be con-
structed.

It is however important to understandthat al-
thoughrouting cannow be doneover shortespaths,
this is still quite different from the forwarding
paradigmcurrently deployed in existing OSPFand
IS-1S networks. The reasonsare two-fold and both
can be traced to the output of the primal LP,
Eqn. (1), namely the traffic aIIocation{f(i’:j}. They
govern the fraction of traffic forwarded on each
next-hop.

Firstly, obsere that the traffic allocationis for
eachcommodityor ingress-gressrouter pair. This
meansthat the routing protocolcould possiblygen-
erate different set of next hops for eachingress-
egresspair on which traffic is to be forwarded This
would impacttheforwardingmechanisnon the data
path, as the router would needto make decisions
on the basis of both ingressand egress routers.
Clearly, this is at odds with the current paradigm
of destination-basetbrwarding.

Thesecondoroblemrelateso thefactthatcurrent
forwardingmechanismsupportonly equalsplitting
of traffic on the set of equal cost next hops. The
linear programyields a traffic allocationthatis not
guaranteedo obey this constraint. Modifying the



forwardingengineto supportunequalsplitting (see,

for example,[19]) of traffic would involve changes

to the data path, namely modification of the hash

function to allow for controllablehashboundaries.

In the next two sub-sectionsve suggestmethods
that overcomeboth theseproblems.

A. DestinationBasedAggregation of Traffic

The first problem of translatinga traffic alloca-
tion thatdistinguishedbetweenngress-gressrouter
pairs into onethat only dependson egresspoint is
relatively straightforward. It canbe achiezed simply
by transformingthe individual splitting ratios of
ingress-gress pairs that sharea common egress
routerinto a possiblydifferentsplitting ratio for the
aggreatetraffic associatedavith the commonegress
router The reasonthis is possibleis becauseall
choserroutesareshortespaths.Shortespathshave
the propertythat segmentsof shortesipathsarealso
shortestpaths,so that oncetwo flows headedo the
sameegresspoint meetat a commonnodethey will
subsequentlyollow the samesetof shortestpaths.
This meansthat we neednot distinguishbetween
these paclets basedon their sourceaddress,and
canmalke splitting andforwardingdecisionssimply
basedon their destinationaddress.

The aggreation of flows headedto a common
egresscould eitherbe doneafter the optimal traffic
allocationfor eachcommaodity hasbeencomputed
(for example by the LP in Egn. (1)) or in the
formulation of the linear programitself. The first
methodis presentedin [17]. The secondscheme
was presentedin [1] and illustrated below. Since
traffic allocationis done basedonly on the egress
router we can aggreate all commaodity flow vari-
ables headedtoward a common egresspoint and
then suitably modify the conseration constraints.
A re-formulationof Egn. (1) and Egn. (2) in the
destinationaggrgatedform as presentedn [1] is
reproducedoelow.

The primal Linear Programis given by :

min Z Z Y;z

(i,j)EE tEV
subjectto
—-Dt, =t
Z - Z szj: dW 1= 8,1 =1,
J:()EE j:(i,j)€E 0, otherwise

V 1€V, teV

D Yi<& V(ij) ek

teN
where

D'= Y 4.

rreER,tr=t
3)
Note that the variablesof the Primal, Y}, repre-

senttraffic on link ¢, j headedioward egressrouter
t. Also, the flow conseration constraintshave been
modified to accommodatehe aggreation, where
Dt representsll traffic headedtoward destination
t.

The dualis givenby :

max Z P'U! —
teN
subjectto

Ui —Uj < Wy +1,Vte N, (i,j)
U =0, VteN

> Wi

(4,J)€E

el

(4)

where P? representshe right handside array in
theflow consenration constraintof the primal, Eqn.
(3), thatis :

—Dt, i=t
P'(i) = de, T:i=5,t=1,
0, otherwise

andasbefore,{1+TV; ;} still representink weights
for shortestpath computation.The above formu-
lation is not only conformal to the paradigm of
destinationbasedforwarding, but also reducesthe
numberof variablesby a factorof || V' || through
removal of information regarding ingress-gress
router pairs. This greatly improves the computa-
tion compleity involved in obtaining an optimal
solution and will be used henceforththroughout
the remainderof the paperto computethe optimal
traffic allocationandlink weights.

B. ApproximatingUnequal Split of Traffic

In the previous sub-sectionwe sav that solving
the problemof source-destinatiobasedforwarding
decisionswas relatively straightforvard. Unfortu-
nately the same does not hold for the uneven



splitting issue,and as mentionedearlier providing
such a capability is a significant departurefrom
current operations.Our proposalto overcomethis
problemis to take adwvantageof the factthattoday’s
routing tables are relatively large, with multiple
routing prefixes associatedwith the same egress
router By controlling the (sub)setof next hops
that eachrouting prefix is allowed to use,we can
controlthe traffic headedoward a particularegress
router(destination)In other words, insteadof the
current operationthat has all routing prefixes use
the full setof next hops,we proposeto selectvely
control this choice basedon the amountof traffic
associatedvith eachrouting prefix andthe desired
link loadsfor an optimal traffic allocation.
Thefollowing exampleillustratesthe ideabehind
the approach Assumethat at somenode,thereare
four routing prefixes, 1, ro, 73 and r, that map to
a commondestinationd and have traffic intensities
t(r1) = 2,t(rq) = b,t(r3) = 8 andt(ry) = 4. Let
therebethreeshortespathsassociatedavith destina-
tion d, so thatthe routing table has3 possiblenext
hopsto d, andassumethat the optimal distribution
of traffic to the threenext hopsis f; = 6, f; = 4
and f; = 9. We canthenintuitively matchthis traffic
distribution by the following next hop assignment:

r, — Hopsl, 3
ro, — Hopl
r3 — Hop3
ry — Hop2

The resultingtraffic distribution is f| = (2/2 +
5/1) = 6, f3 = (4/1) = 4, f; = (2/2 + 8/1) = 9,
which matchesthe optimal allocation.

The advantageof the above approachis that the
forwarding mechanismon the data path remains
unchangedas paclets are still distributed evenly
overthesetof next hopsassignedo aroutingprefix.
This meanghata closeapproximatiorof anoptimal
traffic engineeringsolution might be feasibleeven
in the context of existing routing and forwarding
technologiesThereare,however, a numberof chal-
lengesthatfirst needto be addressedrl hefirstis the
needfor traffic information at the granularity of a
routing prefix entry insteadof a destination(egress
router). This in itself is not an insurmountabldask
as most of the techniquescurrently usedto gather
traffic data, e.g., router mechanisms’like Cisco’s
Netflow or Junipers cflowd, canbe readily adapted

to yield information at the granularityof a routing
prefix.

The secondssueconcernghe configurationover-
headinvolved in communicatingo eachrouterthe
subsetf next hopsto be usedfor eachrouting pre-
fix. This canclearly represent substantiabmount
of configurationdata, as routing tables are large
and the information that needsto be corveyed is
typically different for each router The approach
we proposeand study is to identify a small set
of prefixes for which careful allocation of next
hopsis done and rely on default behaior for the
remaining prefixes. The trade-of will then be in
terms of how close one can get to an optimal
traffic distribution, while configuring the smallest
possiblenumberof routing prefixes. We investigate
this trade-of in Section IV, where we find that
nearoptimumperformanceanoftenbeachiezedby
configuringonly a small numberof routes(routing
prefixes).

The third and last challengeis to actually for-
mulate a methodfor determiningwhich subsetof
next hops to choose for each routing prefix in
orderto approximateanoptimalallocation.Thegoal
of ary solution will be to minimize some metric
thatmeasuresliscrepang betweerthe optimal traf-
fic allocation and the one achieved under equal-
splitting constraintson ary hop. In this work, we
usethe maximumload on any hop asa measureof
performancewherethe load on a hop is the ratio
of the allocatedtraffic to the optimal traffic. Details
regardingthe useof anothemetric,thegapbetween
optimal traffic and allocatedtraffic canbe found in
[17].

[I1. HEURISTIC FOR TRAFFIC SPLITTING

Ideally, one should considerthe problem of se-
lective next-hop allocationat the global level, that
is, do a concurentoptimal assignmenbf next hops
for eadh routing prefix at each node.However, even
the singlenodeallocationproblemis NP-completé,
and hence may not be computationallytractable.
Consequentlywe proposeheuristicsthat perform
independentcomputationsfor each routing prefix
at eachnode. Thesecomputationsare basedonly
on the incomingtraffic at the nodeandthe desired
outgoing traffic profile. A potential problem with
this approachis that the traffic arriving at a node

4SeeAppendixfor proof.



may not matchthe optimal profile dueto the heuris-
tic decisionsat someupstreannode.Consequently
the profile of the outgoing traffic from the node
in question,could further deviate from the desired
one. However, in our experimentswe obsere that
usually the heuristic is able to track the optimal
load profile and henceincoming traffic seenat ary

nodeandthe resultantoutgoingtraffic have a near

optimal profile. We have proposedthree heuristics
that are greedyin natureandtry to minimize one
of thetwo metricsmentionedn Sectionll-B. Since
the heuristicsare similar in nature,we shall limit

our discussionto only one of them, namely the
MIN-MAX LOAD heuristic,becausen all our ex-

perimentsthis heuristicperformedthe best.Details
regardingthe othertwo heuristicscan be obtained
from [17].

The heuristicwe proposeworks broadly in the
following fashion.Whenperformingcomputatiorat
an arbitrary node

1) Sort routing prefixes destinedto a particular

egressrouter in decreasingorder of traffic
intensity

2) Sequentiallyassigneachrouting prefix to a

subsetof next hops so as to minimize the
given metric.
For clarity we use the following notation in our
subsequentliscussion:
At an arbitrary node n, when assigning routing
prefixes associatedvith an arbitrary egressrouter
(destination)m to next hops:

1) Denotethe setof next hopsto egressrouter
m by K ={1,2,..., Ky}

Denotethe desired(optimal) traffic load (for
egressrouterm) on hop k € K, ., by fi.
Denotethe traffic intensity of routing prefix i
by z;. Denotethe collective setof the routing
prefixes (at n for m) that needto be assigned
to next hopsby X, ... Let Ny, =|| X |-
Denotethe traffic load on hop & after heuris-
tic H hasassigned: routing prefixes by [;.
Assumel: =0 for i <0.

2)

3)

4)

A. The MIN-MAX LOAD heuristic

The Min-Max Load heuristic is similar to a
work conservingschedulingalgorithm which tries
to minimize the maximum load on ary processor
(the maximum makespan,[10]). Heuristic MIN-
MAX LOAD tries to minimize the maximumratio

of assignedraffic to the optimaltraffic load overall
hops.The differencenow is that eachtask (stream)
can be split equally among multiple processors
(next hops)andthe processorgnext hops)canhave
differentspeedqoptimal traffic loads).

Algorithm MIN-MAX LOAD:

1) Sort the set of prefixes &, ,, in descending
order of traffic intensity

2) For eachprefix i € X, ,, choosea subsetof
next hopsM € K, ,,, with cardinality|| M ||
which minimizes

Tq

li—l +
k
IHane/cn,m(—f—k 1] )

Step 2) can be achieved in two stages.First, for
eachindex p =1,2,..., K, ,,, do a virtual assign-
ment of routing prefix i to a setof p hopswhich
yields the smallestmaximulm.This canbe doneby
simply sorting the set{w}, k € Kum
in increasingordet re-indedné them and virtually
assigningi only to the first p hops.

Second,from all the K, ,, suchpossibleassign-
ments,choosethe one with the smallestmaximum
for an actual assignmentln caseof atie, choosea
lexicographicallysmallerassignmentThe complex-
ity of the algorithmis O(Nlog N + NK?), where
we have set N = N, ., K = K, ,, for simplicity.

We outline our implementationof the heuristics
in the pseudo-coddelow :

pr ocedur e Selectve Hop Allocation
| nput « (Link Weights {1 + 17/;;}, optimal traffic
allocation {Y}"}, Traffic Matrix 7" )
For each destinationnode m do
Run Dijkstra’s algorithmwith weights{1 + W;;}
For each noden # m in order of deceasing
distancefromm do
Apply the heuristic to the set of routing
prefixes &, ., to determine for eachrouting prefix
i, the setof next hopsK;, ,, C Ky m
For each routingprefixi € &, ,, do
Update the intensity of the corresponding
routing prefix at eachnode; € K}, ,,
done
done
done
For the sale of continuity, analysisof the heuristic
is postponedill the appendix.Therewe shov that
the MIN-MAX LOAD heuristic achieves a load



ratio that is within a factor of (1 + In K/2) of the
ratio achieved by an optimumallocation(underthe
equalsplitting constraint).

IV. EXPERIMENTS

In order to evaluate the effectivenessof our
approachwe conductedwo setsof experimentson
artificially generatedtopologiesas well as on an
actual ISP topology namelythe Sprint Backbone.
In the first set we studiedthe performanceof our
heuristic when comparedagainstoptimal routing.
In the secondset of experimentswe studied the
trade-of between performanceand configuration
overheadby varying the numberof routing prefixes
for which we controlledthe set of next hopsthey
were assigned.

For purposesof comparisonwe solved a linear
multi-commodity flow routing problem with the
same piecavise linear cost function usedin [7].
The only constraintin the routing problemis flow
conseration and consequentlyit provides a lower
bound on the performanceof ary routing scheme,
for the samemetric. Henceforth, we shall refer to
this problemas the “optimal routing probleni and
its solution as the “optimal routing solutiori. The
solutionto this problemis a setof paths(traffic al-
location) for eachcommodity (or destinationnode)
which yields ¢;;, the bandwidthconsumedon each
link (7, 7).

We reproducethe optimal allocation problem
with regardto this costfunctionbelow for complete-
nesslet theflow to destinatiomodet onlink (i, 5)
be denotedby yZ . Let the total flow on link (3, j)
be f;; = Z y”. and the capacityis C; ;. Denote

the cost of I|nk (i,7) by @, ;(fi;, Ci;), which is

a pieceavise linear function that approximatesan
exponentially growing curve (the exact pieces of
the function are presentedn Eqn. (6) - Eqn. (11).
The costgrows as the traffic on the link increases
and the rate of growth acceleratesvith increasing
utilization. Evolution of the costfunction with link
load is shavn in Figure 1. The optimal routing
problemmay then be formulatedas:

min Z

(i,j)€EE
subjectto

] fzyv ’Lj)

Yiem 2 Y= d  i=s (5)
J:(GH)EE j:(i,j)EE 0 otherwise
VieV,teV
=> v, V(ij)eE
tev
uij = fij/Cij, V(i,j) € E
;= fij. wi; <1/3 (6)
P ]=3fi,j——C’i,j, 1/3§Ui7]‘ §2/3 (7)
16
O, =10f;; — 3 Cij, 2/3<w;; <9/10 (8)
178
¢LJ - 7Ofl,,] - T 5 L] 9/10 < ULJ S 1 (9)
1468
®;; =500fi; — ——Cij, 1< wuy S — (10)
16318

®; ; = 5000 ; —
where,as before

Di= Y 4

rreER,tr=t

—5Cii. nﬂo<wjau

(12)

Notethattheapproachepresentedn [21] and[7]
are not limited to ary particularcost function. We
simply chosethis costfunctionasanexample.Also
notethatthe above formulationis basedon the idea
of destinationbasedaggreation ([1]) presentedn
Sectionll-A andwasusedfor computationbecause
of its lower compleity. In the rest of the section,
we explain our experimentalsetup anddiscussour
obsenationsregardingperformanceand complexity
trade-of.

A. ExperimentalSetUp

For our experimentsthe artificial topologieswere
generatedising the Geogia Tech [22] and BRITE
[13] topology generators The topologies con-
structedusing the generatorsvere randomgraphs
chosenfrom a grid using eithera uniform or wax-
mandistribution. Thelink capacitiesvereeitherset
uniformly to 500 Mbps in some cases,or chosen
randomlyfrom a uniformdistributionin othercases.
Actual physical link capacitieswere usedfor the
topology basedon the Sprint backbone.

For the artificially generatedtopologies, we
presentesultsfor randomtraffic matricesthatwere

SBRITE allows several options for generatingtopologies: AS
Level, Hierarchicalandrouterlevel. We chosethe routerlevel option.
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Fig. 1. Evolution of costfunction ®; ;( f;,;, Cs,;) asa function of
link load f;,;

generatedby picking the traffic intensity of each
routing prefix from a paretoor uniform distribution.
The choice of a paretodistribution was motivated
by measurementtaken from several routerson the
Sprint backbone We also experimentedwith other
distributions, eg. uniform, bimodal,exponentialand
gaussianOf these,we presentresultsfor the uni-
form distribution since it is representatie of the
others. The other parameterof importanceis the
numberof routing prefix associateavith eachegress
routet thatis, the granularityof the matrix. For this,
we againusedbothuniform andparetodistributions,
asit givesareasonableoveragefor the possibledif-
ferencein the numberof available routing prefixes
to a given egressrouter The Sprint traffic matrix
was basedon actualtraffic tracesdownloadedfrom
accesdinks to two of the Sprint backbonerouters.
The traceswas measuredat the granularity of the
routing table entrie§ and gives us two rows of the
traffic matrix. The routing prefix intensitiesin the
remainingrows were generatedartificially using a
paretodistribution for bothintensityandgranularity
Details of how the entire Sprint traffic matrix was
constructeccan be found in [18].

Eachexperimentwas conductedn the following
fashion:

1) For eachnetwork topology we generatedan-
dom traffic matrices,varying both the total

The routing prefix intensitiesare averagesover 10 hrs.

numberof routing prefixes and distribution’
from which theingresdraffic intensityof each
routing prefix was picked.

Hot spotswereintroducedn thetraffic matrix
by randomlyselectingelementsrom the traf-
fic matrix and scalingthemto createseveral
instance®f thetraffic matrix. We testedcases
whereonly someof the traffic elementswere
chosenand also caseswhereall entrieswere
chosenln thelatter casethis involvesscaling
the entiretraffic matrix.

The “optimal routing problent, Eqgn. (12),
wasthensolvedfor eachsuchinstancetopol-
ogy andtraffic matrix).
Thelinearprogram,Eqn.(3), with theoptimal
link bandwidthsfrom the “optimal routing
solutiori’ as input, was solved to obtain the
traffic allocation(whichwasaggreyatedbased
on destinationref. Sectionll-A) andthe set
of link weights.

Finally, our heuristicwasrun overthe network
with the link weights and traffic flows from
the previous step (please refer to pseudo-
codg in orderto approximatehe optimalload
profile of Eqgn. (3).

We usedILOG CPLEXto solve the optimal routing
problem and the linear program.On a Dell 1500
1 Ghz machine,it took about 2 hours to solve
the optimal routing problem and 10 minutes for
the linear programand our heuristicon the largest
networks.

2)

3)

4)

5)

B. PerformanceComparisoragainstOptimal Rout-
ing

We now presentand discussthe resultsof our
experiments.In Figure 2 we plot Cost vs Total
Traffic for the MIN-MAX LOAD heuristicandthe
optimal routing solution for the Sprint topology
The horizontal lines representvarious levels of
maximumaveragelink utilization over all links for
optimalrouting. The entiretraffic matrix wasscaled
for the experimentsinvolving the Sprint backbone.
From the figure, we seethat in all the cases,the
heuristicis very nearthe optimal solutionindicating
thatit is ableto matchthe optimal traffic split very
closely

For comparison,we have also shavn the per
formanceof standardOSPF routing with weights

"Exceptin the caseof the Sprint traffic matrix.
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computedusingour implementatiorof the heuristic
proposedin [7] (denotedby “F&T Heuristic” in
the graph). The heuristic useslocal searchtech-
niques to determinethe best OSPF weight set-

Total Traffic

x10°

T
gl — Optimal

50 Nodes 200 Edges Graph
T

—0- Min-Max Load

© - F&T Heuristic
— Max Link Util=1.00
7| — - Max Link Util=0.75
— - Max Link Util=0.25

Cost Function

15
Total Traffic

Fig. 4. 50 Node 200 Edgegraph(BRITE Generated)Performance
of heuristicvs. optimal routing

0.6

50 Nodes 200 Edges Graph

o
S

9% Deviation from Optimal

o
N
T

a- -

—0- Min-Max Load

o
o
o

-

15 2
Total Traffic

Fig. 5. 50 Node 200 Edgegraph(BRITE Generated):%Deviation

of the heuristicfrom optimal routing.

routings under different weight settings.In order
to avoid getting trappedin local minima valleys,
the heuristic performsdiversificationby randomly
selectinga nenv neighbourhoodagain by weight

ting. Specifically it searchesthe neighbourhood perturbationSimilarto [7] we runtheheuristicfor a
of a given weight setting by performing random fixed numberof iterations(5000)andretainthe best
link weight changesn orderto determinea better weight setting. In our experiments,we found the
weight setting. It then repeatsthe searchin the heuristicto performquite well, closelytrackingthe
neighbourhoof the nenv weightsetting.A unique optimal costfor utilizations belov 75%. However,

featureof the heuristicis its use of hashtablesto

instancesan [7] shaw that the heuristiccan deviate

avoid cycling as well as re-computationof same significantly from the optimal routing even at low
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utilizations.Furthermorewe noteour heuristicscan
be usedto improve the performancef the Fortzand
Thorup heuristic(seeSectionlV-D).

In Figure 3, we plot the % deviation of the
MIN-MAX LOAD heuristicfrom the optimal. The
maximum deviation of the heuristicis well within
1% of the optimal, highlighting the ability of the
heuristicto approximatehe desired(optimum)load
very closely

We now look at 4 artificially generatedopologies
that we usedin our experiments.In Figure 4, we

10
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plot Costvs Total Traffic for the heuristic,optimal
routing as well as standardOSPF routing, on a
50 Node 200 Edge topology with a granularity
of 26500 routing prefixes per node. This number
was chosensimply as an approximationof the
number of routing prefixes in a backbonerouter
We have conductedexperimentswith up to 100,000
routing prefixes and as few as 500 routing prefixes
without ary significant changein performanceof
the heuristic. The topologywasgeneratedisingthe
BRITE generatoandall links weresetto a capacity
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of 500 Mbps. The number of prefixes for each
node-pairwere chosenfrom a uniform distribution
andthe intensity of the entriesin the traffic matrix
for this experimentwere generatedrom a pareto
distribution. Hot-spotswere generatedby scaling
70% of the traffic elements.We note from Figure
4, that the heuristic closely tracksthe optimal. An
alternateview is providedin Figure5 wherewe plot
the % deviation of the heuristicfrom the optimal.
Thelow percentageleviation (0.2% —1%) from the
optimal value again highlights the effectivenessof

11

the heuristic.

For all the 3 remaining topologies, the traffic
matrix granularityaswell asintensitieswerechosen
from a uniform distribution. Hot spotswere created
by scaling 50% of the node-pairsin the traffic
matrix. Costand % deviation curvesfor a 60 node
250 edge topology are showvn in Figures 6 and
7 respectiely. Resultsfor a 50 node 154 edge
randomtopology are presentedn Figures8 and9.
Bothtopologiesweregeneratedby the Geogia Tech
topology generatorusing the uniform distribution
and their link capacitieswere set to 500 Mbps.
Finally, the costand % deviation graphsfor a 50
node 206 edge random topology generatedusing
the waxman-1 distribution are shovn in Figures
10 and 11. The link capacitiesfor this topology
were randomlychosenfrom a uniform distribution.
We note that for all threetopologies,the heuristic
performs very well, closely tracking the optimal
cost.

C. Non-Intger Link Weights

We should point out that the dual of the linear
program,Eqn. (4), is not guaranteedo yield exact
integer solutionsfor link weights.In practice,rout-
ing protocolslike OSPFandIS-IS have afinite field
width for link weightinformation([11],[16]). If the
link weights obtainedfrom the linear programare
not exact integers,fitting them within the provided
field length can affect performancen the form of
routingsthat are differentfrom the optimal routing.
Henceit is importantto study how errorsin link
weightsinfluenceperformance.

Thereare two factorswhich canintroduceinac-
curaciesin link weights.First of courseis the loss
of precisionin roundingoff link weights,especially
in the presenceof recurringfractions,e.g.2/3. The
secondfactoris the non-zerotolerancerequiredby
optimizersto corverge to feasible solutions. This
implies that the optimal link weights (and path
costs)are accurateonly within a certaintolerance.
For example,two pathcostsaretreatedto be equal
by the optimizerif the differencein costsis less
than the specifiedtolerance.In our experiments,
the tolerancelimit was setto 10~°. The presence
of recurringfractionsand non-zerotolerancelimits
meansthat even with large precisioninteger repre-
sentationstheseerrorsstill persistandin fact are



exacerbatedhs the integer precisiondecreasé’s

Figure 12 shaws the impact of the length of the
link weight field on % deviation of the heuristic
from optimal cost for the 50 Node 206 Waxman
Graph.Thelink weightsaretreatedasexactintegers
with precision governed by the field length. We
plot curveswith field lengthsof 8, 16 and 24 bits.
Obserne that the field-length has little impact on
performancetill link utilizations start increasing.
This is because,in all our experiments,at low
utilizations (< 75%), the link weights are almost
alwaysexactintegers. At higherutilizations,errors
due to non-zero tolerancesand non-integer link
weights come into play so that the performance
startsto deviate significantly Note that even with
a 24-bit field length, performances off by at least
50%, indicating that precisionis not the dominant
issue.Insteadthe errorsare causedby the inherent
inaccurag in link weights. When treatedas exact
integers,regardlessof the precisionused,this pro-
ducesdifferentroutings.

In order to avoid problemsdue to such errors,
we usean approachsimilar to that usedby the op-
timizer. We treatpathcostsbeto beequal wheneer
they differ by lessthanthe specifiedtolerancethus
allowing for inaccuraciesThis explains the much
better performance(within 3%) seenfor the same
instancein Figure 11.

D. Applicationsof the Next Hop Allocation Tech-
nique

Although we have presentedour techniquefor
next hopallocationwithin theframework of shortest
path routing as computedby the Linear Program,
Eq. (3), it is also applicableto paths computed
through other methods.Given a set of pathscom-
puted using ary other technique,we can find the
optimal distribution of traffic over the set of pre-
computedoathsandthenuseour next hopallocation
techniqueto matchthis profile. If the constraining
factor is a poor set of paths,then modifying the
traffic profile may not offer much improvement.
However, if the deciding factor is coarsegranu-
larity of load balancingover the paths,significant

8Note that sincethe computeris a finite precisionmachine these
errors are already presentin the link weights obtained from the
solution of Eq. (4).

%At low utilizations, the optimizercaneasilyfind feasiblesolutions
and hencethe tolerancelimits are not enforced.
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on performance

improvementmay be obtainedwith our heuristic.
As an example, one could computeshortestpaths
using the heuristic proposedby Fortz et. al. [7].
However, instead of splitting traffic equally over
all equal cost next hops, it could be distributed
in an “optimal fashion” over the computedpaths
using the next hop allocation techniquepresented
in this paper In orderto achieve this, we first solve
the optimal routing problem but with traffic now
constrainedo flow only on pathscomputedusing
thelink weightsobtainedfrom the’F & T’ heuristic.
The MIN-MAX LOAD heuristic is then run to
shapeheallocatedraffic to matchthe optimalload.
We presentan example of this procedurefor the
60 Node 250 Graphin Figure 13, were we show
the performanceimprovementof traffic allocation
with the MIN-MAX LOAD heuristic over equal
splitting. Note that for both the curves, the same
set of pathswere used,but the MIN-MAX Load
heuristic allows for finer load balancing.In other
words, the improvementafforded over the standard
'F & T heuristic by the use of the MIN-MAX
Load heuristiccan be solely attributedto its ability
to bettermatchoptimal traffic loadsby distributing
traffic unevenly. We revisit this issuein the next
sectionwherewe explore the impactof the number
of equal cost paths (next hops) generatedby the
routing algorithm.
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Network Numberof Hops
Average | Maximum
Sprint N/'W 1.69 5
50 Node, 200 Edge Graph 1.31 4
50 Node, 154 Edge Graph 1.20 4
50 Node, 206 Edge Graph 1.26 4
60 Node, 250 Edge Graph 1.05 5

TABLE |
NUMBER OF EQUAL COST NEXT HOPS FOR EACH
INGRESS-EGRESS PAIR

E. Equal CostPaths

One of the key featuresof OSPF/ISISdiscussed
in this paperis the ability to balancetraffic across
multiple equal cost paths.In this section,we ex-
aminethe effectivenesof this featurein improving
performance.ln other words, how is routing per
formancedependenbn its ability to sendtraffic on
more than one path. Intuitively, optimal routing is
morelik ely to usemultiple pathsto balanceraffic at
higherloadsratherthan when capacityis plentiful.
Hence, we focus on reasonablyhigh utilization
scenariosalbeitlessthat100% link loads,for which
we computestatisticsregardingthe numberof equal
cost next hops used by optimal routing. Table |
shaws the averageand maximumnumberof equal
costnext hopscomputedoy the optimal formulation
acrossall nodesandfor all destinationdor several
network configurations,
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We obsene that the numberof equal cost next
hops usedby the optimal formulation in order to
balanceload (although the distribution of traffic
acrossthem neednot be uniform) varies with the
topology In otherwords,the benefitof routing over
multiple equal cost pathsis a function of how the
logical topologyis designedandalso how well the
traffic is matchedo thetopology To emphasizehe
dependenceof benefitsof using equal cost paths
on the topology we evaluateperformancenvhenno
splitting of traffic is allowed. The “SINGLE HOP”



heuristicchoosesxactly onenext hop,the onewith
largest“optimal traffic, f,”, for eachdestinationat
eachnode.In all otheraspectst functionsexactly
like the MIN-MAX Load heuristic.

Figure 14 shavs performancecurves for the
“SINGLE HOP” heuristic the MIN-MAX LOAD
heuristic on the 60 Node, 250 edge graph. Ob-
sene the nearoptimal performanceof the “SIN-
GLE HOP” heuristic,indicating that multiple equal
cost pathshave little impact on performance.The
averagenumberof next hopsfor the graphin Ta-
ble | is closeto 1, which confirmsour obsenation.
Note that this configurationis the sameas that of
Figure 13 which illustrated the improvementthat
could be achieved by the MIN-MAX Load heuristic
over the standardF & T’ heuristic.This is because
wheneer the’'F & T’ heuristiccomputesmultiple
paths, it ends-upallocating traffic equally across
them, even when an optimal solution calls for a
very uneventraffic allocation.The MIN-MAX Load
heuristic,evenif it is constrainedo usingthe same
paths,is ableto generatehe uneven loadsthe the
optimal routing solution calls for.

In contrast,performanceon the Sprint network
(Figure15) is significantlyenhancedy distributing
traffic acrossmultiple next hops, and as a result
the“SINGLE HOP” heuristicperformsquite poorly.
The averagenumberof equalcostnext hopsfor the
Sprintnetwork from Tablel is closeto 2, reflecting
this behaiour. Indeed, some major ISPs specifi-
cally designtheir logical topologiesto increasethe
numberof equalcostpaths,especiallybetweergeo-
graphicalhubs,for purposesf bothload balancing
(as explainedin Sectionl) as well as robustness.
We expectload balancingover equalcost multiple
pathsto markedly improve performancein these
networks.

F. Lowering Configumation Overhead

Our other goal was to investigatethe trade-of
betweenconfigurationoverheadand performance.
Recall that in the original approachthe heuristic
decidesthe subsetof next hops assignedo every
routing prefix. However, it hasbeenobsered that
in practice ([3]), a large fraction of the traffic is
distributed over a relatively small numberof rout-
ing prefixes. Our analysisof the backbonetraces
obtainedfrom the Sprint router shav that 95% of
the total traffic was accountedor by only 10% of
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the routing prefixes, confirmingthe resultsreported
in [3]. Figure 16 highlightsthis obsenation, where
we have plottedthe cumulatve traffic intensityasa
function of the numberof routing prefixessortedin
decreasingrder of their traffic intensities.We can
potentially exploit such a phenomenorby config-
uring the setof next hopsfor only a few selectve
routing prefixes that carry most of the traffic and
allowing the default assignmentof all next hops
for the remaining routing prefixes. This has the
adwantageof lowering configurationoverhead,but
raisesthe questionof how it impactsperformance.
We carried out a systematicstudy of such a
trade-of on all the previous topologies.In each
instancewe configuredthe setof next hopsat each
nodefor only a certainset of routing prefixes that
were selectedbasedon the amountof traffic they
carried. The remainingrouting prefixes were split
equally over the entire set of next hops as would
happenwith default OSPF/IS-ISbehaior. The set
of configuredrouting prefixes was then progres-
sively increasedin each experimentto determine
the evolution of the impacton performanceln all
cases,the MIN-MAX LOAD heuristic was used
when configuringthe setof next hops.
Theresultingperformanceurvesfor the 50 Node
200 Edgetopology are shovn in Figure 17 andthe
number of configuredrouting prefixes are shavn
in Table Il. Each curve on the plot is referenced
by the amountof traffic that was accountedor by
the configuredrouting prefixes. This can be cross-
referencedfrom the table againstthe number of
routing prefixes that were configured.We obsene
thaton anaverage by configuringabout165routing
prefixes per router (which accountsfor about20%
of the traffic), we get good performancetill about
50% maximumlink utilization. If we configurenext
hopsfor about17 % of all routing prefixes,or 4500
entries,at a router we accountfor approximately
75% of the traffic and the resultingperformances
quite closeto that of optimal routing.
Experimentsconductedon the Sprint Backbone
(Figure18, Tablelll) yield similarly encouraginge-
sults.We getgoodperformanceup to approximately
50-60% maximum link utilization, by configuring
only 200 routing prefixesper routerandup to more
than70%link utilizationif we configure600routing
prefixes per routet
The 60 node250edgetopology(Figurel19, Table
IV) and the 50 node 154 edge topology (Figure



20, Table V) presentan interestingcasein that by
carefully configuringonly 3 — 5% of the prefixes
we get close to optimal performanceover a very
wide range of link utilizations. We do not get
quite such dramatic results for the 50 node 206
edgeWaxmantopology (Table VI, Figure 21), but
even in this case,we get good performanceby
configuringarounda quarterof the prefixes (50%
of the traffic).
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Fig. 16. Cumulative contribution of routing prefixes at a Sprint
Routersortedin decreasingorder of intensity

Prefixes | Total No. of | % Allocated | % of
Configured Prefixes Fraction Traffic
75 26500 0.3% 10%
165 26500 0.62% 20%
1252 26500 4.7% 50 %
4500 26500 17.0% 75 %
11747 26500 44.32% 90 %
TABLE I

CONFIGURATION OVERHEAD: 50 NODE 200 EDGE TOPOLOGY,
ALL ENTRIES ARE PER NODE

V. CONCLUSION

In this paper we have describedand evaluated
an approachthat offers the benefitsof traffic engi-
neeringto IP networks without requiring changes
to either the routing protocols or the forwarding
mechanisms.
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Prefixes | Total No. of | % Allocated | % of
configured Prefixes Fraction Traffic
160 30700 0.5% 10 %
200 30700 0.6% 20 %
620 30700 2% 50 %
1750 30700 6 % 75 %
4180 30700 14 % 90 %
TABLE I

CONFIGURATION OVERHEAD: SPRINT BACKBONE, ALL ENTRIES

ARE PER NODE
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Our contrikbution is three-fold. First, we devised Fig. 18. SprintBackbonePerformancasafunctionof configuration

a solution for closely approximatingoptimal link

overhead
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ALL ENTRIES ARE PER NODE

Total Traffic x 10
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loads using routing protocolsand paclet forward- [3]
ing mechanismsas they exist today Second,we
proposeda simple heuristicwith a provable perfor
mancebound (seeAppendix) to implementour so- 4]
lution. We performedseveral experimentsin which
the heuristicconsistentlymatchedthe optimal load
profile. We believe the heuristicandthosepresented
in [17] to be generalenoughto be potentiallyuseful
in their own right. Finally, we shaved, usingactual
traffic traces,that configuration overheadcan be
vastly reducedwithout significant loss of perfor
mance.Specifically by only configuringnext hops ]
for a small setof prefixes, we were able to obtain
nearoptimal performancefor link loads of up to  [8]
70%. This is obviously an important aspectfor

the practical deployment of our traffic engineering [9]
solution.

Overall, we believe thatthe paperprovidesinitial
argumentsin favor of evolving the currentinfras-
tructureto supporttraffic engineeringjf andwhen |1
needed,rather than embark on a migration to a
ratherdifferenttechnology Theremay be justifica-
tions for sucha migration, e.g., better supportfor 1]
policies or VPNSs, but traffic engineeringdoesnot
appearto be one of them, and we hope that the
resultsof this papercan help clarify this issue.

There are several directionsin which this work
can be extended and further improved. One of [14]
themis in dealingwith non-integer link weightsas [15]
discussedn SectionlV-C. Although we have been
ableto successfullydealwith thisissueby coupling
the computationaltoleranceof the optimizer with
the available precision of link weights, we are
investigatingmoregeneralsolutionsto the problem.
Another directionwe are currently pursuingis that
of makingour traffic engineeringsolutionrobustto
unexpectedchangesn network topology e.g., link
or router failures. This is obviously an important
aspectOnethat hasbeenconsideredy both traffic
engineeringsolutionsthat rely on new forwarding
technologiesuchasMPLS, e.g.,[12], andsolutions [19]
targeting currentIP networks, e.g.,[8].

(5]

(6]

[13]

[16]

[17]

(18]

[20]
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APPENDIX

We first shov that problem of splitting prefixes
equally over a subsetof next hopsis NP-complete
even at a single node. The problem can be stated
asfollows.

INSTANCE: A set of flows S = {s;} with

intensity of flow s; denotedby z(s;), setof next
hopsKC = {ki, ko, ..., kx} with capacitiesof hop
k; denotedby f(k;) andanlntegerD

QUESTION:Is thereanallocationo of eachflow s;
to a setof next hops,ie., o : s; — {ki, ko, ..., kx}
anda split p(s;) =| o(s;) |, suchthat

{f(;%)
o (s

s3:J€0(s5) p(‘SZ) .

We restrictthe above problemby setting X' = 2.
This implies that now eachflow hasthreechoices,
either hop 1, or hop 2, or be equally split on
both hops. Obsere that this is equialent to a
priori splitting a flow s; into two equalflows with
half the intensity and then making independent
decisionsfor eachhalf, but now without splitting
the new flows. This newv problemcanbe recastinto
a modifiedform of the partition problem,which we
call MODIFIED-PARTITION, definedasfollows.

jEIC

wherel; =

INSTANCE: An integer o andasetof elementsd =
{a;} U{a}} with size of elementa; givenby s(a;).

Further s(al) = s(a}), thatis, for eachelementa;
in A, thereis an elementa; with identical size.
We shall henceforthrefer to this as the mirroring
property

QUESTION: Is therea partition of A into disjoint
setsA’ and A — A’ suchthat

ad s(a > s(a).

acA’ acA—A’
Theoem: MODIFIED-PARTITION is NP-
Complete.
Proof. It is easy to see that MODIFIED-

PARTITION € NP, sinceone only hasto guessa
partition and checkif it satisfiesthe relation.

We transform 3 DIMENSIONAL MATCHING
(3DM) to MODIFIED-PARTITION. The proof
closely follows the outline of reductionfrom 3DM
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to PARTITION presentedin [9]. Let the sets
W, XY, with | W |=| X |=] Y |= ¢ and
M C W x X x Y, the candidatematchingset, be
an arbitrary instanceof 3DM. Let the elementsof
the setsbe denotedby

|14 {wl,wg,...,wq}
X = {z1,29,...,24}
Vo= {yiye 9}
and
M:{ml,mg,...,mk}
where £ =| M |. We must constructa set of

elementsA with size s(a) € Z7, that satisfiesthe
mirroring property and a number a such that, A
containsa subsetA’ satisfying

ad sla) > s(a)
acA’ acA—-A’
if andonly if M containsamatching.ThesetA will
contain2k + 2 elementsThefirst k£ areconstructed
from M, whereeachelements; is associatedavith a
triple m; € M. Thesizes(a;) of a; will bespecified
in its binary representationin termsof a string of
0’'sandl’sdividedinto 3¢ zonesof p = [log,(2k +
1)] bits each.Eachof thesezonesis labeledwith
anelementfrom WU X UY asshown in Figure22.

Wy W W

R X ¥ Yo

Fig. 22. Labelingof the 3¢ zones,eachcontainingp = [log, (2k +
1)] bits of the binary representatiomf s(a).

The representatiorior s(a;) dependon the cor
respondingtriple m; = (wyg), g, Yny) € M. It
hasa 1 in the rightmostbit position of the zones
labeledw ;. r4; andyy;). Hence the sizeof a; is
given by

s(a;) = 2PGa=F@) 4 9p(a=9() 4 9p(a=h(D))



Thenext k& elementf A arejustreplicasof thefirst
k, thatis s(a;+x) = s(a;). Note thatif we sumup
all entriesin a zoneover all elements{a; : 1 <i <
2k}, it never exceeds2k = 2P — 1. Hencein adding
> s(a) for ary subsetA’” C {a; : 1 < i < 2k},

acA’ . .
therewill never beary carriesfrom onezoneto the

next. Now if we let

3¢—-1

S 2P

7=0
which is the numberwhose binary representation
hasa 1 in therightmostpositionof every zone,then
ary subsetd’ C {a; : 1 <1i <2k} will satisfy

B—

> s(a)=B
acA’
if andonly if M’ = {m; : a; € A’} is a matching

for M. Also note that by virtue of constructionA’
can contain only distinct elementsand henceno
duplicatesn otherwords, A’ C {a; : 1 <i < k}.

We now definethe remaining2 elementsof the
setA, b and?d’ with sizes

s(b) =s(t/) = BB-— Z:ls(a)

where is a numbersuchthat s(b) > B. The final
stepis to choosea which we setto be equalto
206 — 1.

Now if, M’ is a matching,thenwe musthave for
the correspondingset A’ that > s(a) = B. The

L. acA’
remainingelementsof A sumup to

;s(a) — B+ 2s(b)

2

7

(26-1)B

s(a) = B+2BB—2>_ s(a)

k
=1 =1

which satisfiesthe requirementthatis
(26-1) ¥ s(a)= ¥ s(a).
acA’

acA-—A'
Corversely if there exists a subsetA’ C A, such
that

(28 =1) >_ s(a)

acA’

> sla)

acA—A’

then by virtue of the propertythat
> s(a) =268,

a€A
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the elementsof A’ mustsumup to B. Moreover,
neither b nor ¥ can be in A’ since they are
both larger than B. Hence only elements
{a; : 1 < i < k} canbein A" which results
in a matching. Thus, 3DM o« MODIFIED-
PARTITION andthe theoremis proved.

A. Analysisof the MIN-MAX LOAD Heuristic

Beforewe analyzethe MIN-MAX LOAD heuris-
tic, we definesomenotation.All analysisis specific
to a particular node n and some egress router
m. Consequentlyfor easeof exposition, we shall
dispensewith suffixeswith the implication that all
variablesare specificto a given pair (n, m).

1) Let X denotethe setof streamg(prefixes) at

node n destinedto egressrouter m and let
x; denotethe intensity of streami. Also, let
N =[| |
Let £ denotethe set of next-hops at n for
m. Let f, denotethe capacityof hop £ and
K=[ K]
For simplicity we refer to the load on hop &
as ;. The context will make it clearif this
is the load before or after assignmenbof ary
particularprefix.

2)

3)

Let

L

N
> i

keK

Our analysisof the MIN-MAX LOAD heuristic
consistsof two steps.We first give a performance
boundwhenthe setof routesis unorderedWe then
demonstratean improved bound when the set of
routesis orderedaccordingto their traffic intensity

Proposition1: Heuristic MIN-MAX  LOAD
achieres a load that is no more than (1 + In K)
times that of the maximum load with an optimal
algorithm, where K is the number of next hops
(for a given destination).
Proof: The proof proceedsin two steps.First we
identify a key property of the MAX-MIN LOAD
heuristic,namely that for eachvirtual assignment,
we can associatea distinct hop. Next we use this
propertyto establishthe main result.

F



Denotethe maximumload achiered by Heuristic
MIN-MAX LOAD as v(X,K). Let hopt € K
achieve this load andthe last prefix assignedo hop
t be prefix 5. By definition, we have

Iy

k
Let v, (X, K) denotethe maximumload achiered
by an optimum algorithm that satisfiesthe equal
subsetsplitting constraint,i.e., splits traffic equally
acrossthe subsetof next hops that have been
assignedo aroute.Notethat~, (X, ) > % where

L is the optimum attainedif arbitrary splitting of
routeswas allowed at the node.

Firstrecallhow the secondstepof heuristicMIN-
MAX LOAD works.Theheuristicdoesa virtual as-
signmentf the streamver anincreasingsequence
of hopss M ={d<k:deK}, k=12,....K
as describedin the algorithm and choosesthe ar
rangemenwith the smallestmaximumfor anactual

assignmentWe malke the following obsenations:

1) The smallest maximum among all virtual
assignmentsof prefix ;7 must be (X, K).
If there were a smaller maximum, it would
contradictour assumptionthat j is the last
prefix assignedo hop¢.

In avirtual assignmenof prefix j overp hops,
let ~, denotethe index of the hop with the
maximum load amongthe virtually assigned
hops(to which aportionz; /p of theroutewas
virtually assignedl Thenr, mustbe maximal
over all hops,for that virtual assignmentlf
it were not, let there exists a hop & (which
mustbelongto the setof virtually unassigned
hops)suchthat

I l, +x;/p
fk frp .

Since all hops satisfy the property % <
v(X, K), we have an assignmenof prefix j
which yields a lower load ratio than~ (X', K).
This contradictsour initial assumptiorthat ;
was the last prefix assignedto hop ¢ such
that its load was (X', K). Hencer, mustbe
maximal.
From Obsenation 1, we have

L, + x;/p
fry

YX,K) > vV kek.

2)

(13)

v(X, K). (14)
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Clearly, thefollowing relationholdsfor all the K —p
virtually unassignedops

Iy +2;/p L, + x;/p
fk frp

since only the p smallesthops are chosenin the
virtual assignmentWe then have from Eqn. (14)
and Eqn. (15) that the following relation musthold
for r, and the remaining(if any) K — p virtually
unassignedops:

I +x;/p
Jx

Using these2 obsenationswe make the following
claim.

Claim : For every virtual assignmentover p
1... K hopsof prefix j, we canidentify a distinct
hop k(p) that satisfies

(15)

> y(X.K). (16)

lk(p) + xj/p
frw)
Proof: The proof is by induction. For a virtual

assignmentby the heuristic over p hops, let A,
denotethe setof hopssuchthat:

(k- I +x/p

Ji
Note from Obsenration 2 and Eqn. (16) that A,
comprisesof at leastr, andthe K — p unassigned
hops.Hence

= (&, K). (17)

Ap

> (X, K)}.

Ay > K —p+ L.

Also notethat A4, is a non-decreasingequencédor

p=K,K—1,...,1, becausef somehopk € A,,

thenk € A,,_,, n > 1. Theclaim certainlyholds
for p = K sinceby Obsenation 1, thereis at least
1 hop which hasa load of (X', ). Let the claim
holdfor all p= K, K —1,...,n. Thenby the non-
decreasingroperty A,, containsall the K —n + 1
distinct hops. Let us look at a virtual assignment
over n — 1 hops.We know that

| Aus 2 K —n+2,

Sinceonly K — n + 1 hopshave beenassociated
(with virtual assignmenty = K to p = n) and
by the non-decreasingroperty A,_;, containsall
thesehops, thereis at least1 hop which has not
yet beenusedand hencecan be associatedvith a
virtual assignmenbver n — 1 hops.This completes
the proof.



We arenow in a positionto prove Proposition 1.
By our previous result, for each possible virtual
assignmenof prefix j over p = 1,2,..., K hops,
we have a distinct hop k(p) which satisfiesEqn.
(17). SummingEqn. (17) over this setof K distinct
hops,we have

K

K K .
Zlk:(p) > ka’V(X~’C)—Z—]~
p=1 p=1 p=1P
K Ly
Dol = Fy(XK) =3,
p=1 p=1 p
L—-—z; > Fy(X,K)—z;j(In K+1) (18)
L x; L
< 12 < =
(X, K) < F+F(an)_F(1+an),
VX, K) < 72X, K)(1+1In K), (19)

wherethe LHS of Eqn. (18) follows from the fact
thatthe total assignedoadis not morethan L — ;.
This provesProposition 1.

Theabove analysisholdsfor anarbitraryordering
of the prefixes.If theprefixesareorderedn decreas-
ing order asis the casein MAX-MIN LOAD, the
boundcan be improved as can be the performance
of the algorithm.Our proof for this resultdravs on
the methodusedin [10].

Proposition2: If the prefixes are assignedin
decreasingorder of their traffic intensities,then,

(X, K) < a+ In K)‘

Yo( X, K) 2
Proof: The proof is by contradiction.Assumethat
the above resultdoesnot hold for someorderedset
of prefixes with intensitiesZ = {x,zo,..., 25},
where

>

T > T2 D IN -

Without loss of generality assume zy is the
intensity of the last prefix(/V) assignedo the hop,
which achieves the maximumload under heuristic
MIN-MAX LOAD. If it is not, we can truncate
the sequenceup to the prefix last assignedto a
hop which achieves the maximum load without
affecting the maximum achieved by MIN-MAX
LOAD. If the optimum for the truncatedsequence
is v/ (X,K), then+/(X,K) < ~,(X,K) and our
assumptiorstill holds. Let asbefore,

N k
L=z and F=Y f;.
= k=1

=1
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Following the exact same analysis as for the
arbitrary orderingwe have

L TN
v(X,K) F+FIDK’
< (XL K) + xFNln K,
7<X*IC) TN
_— 1+ ——F-—=In K.
VO(XJC) Wo(xa f) - F
By our assumptionywe have
TN In K
1+ W InK > 1+ B
TN 70<X:’C)
or —— —_— .
F 2

Note that A is the smallestachiezable load under
any split. Hence,if the above inequality and our
assumption,is to hold, we can have only one
route (destinationprefix) in X'. However it is clear
from the algorithm itself that MIN-MAX LOAD
achieves an optimal allocationwhen thereis only
one stream(prefix).This proves Proposition 2.



